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Prefacio

Este manual apresenta a solug@o de todos os problemas B sem respostas. Em alguns
deles, a solugdo apresenta informagdes adicionais ao resultado exigido pelo problema, que
visam auxiliar o leitor.

O livro pode ser utilizado de vérias maneiras, dependendo dos objetivos e da carga
horaria do curso a ser ministrado. Alguns exemplos:

Curso abreviado:

4 horas-aula/semana, além de
2 horas de revisdo/semana

Total: 40 horas-aula, além de
20 horas de revisao

Curso completo:

4 horas-aula/semana, além de
2 horas de revisdo/semana

Total: 56 horas-aula, além de
28 horas de revisao

Capitulo 1 Capitulo 1
Capitulo 2* Capitulo 2*
Capitulo 3 Capitulo 3
Capitulo 4** Capitulo 4
Capitulo 5 Capitulo 5
Capitulo 6 Capitulo 6
Capitulo 7 Capitulo 7
Capitulo 8 Capitulo 8
Capitulo 9 Capitulo 9

Capitulo 10 Capitulo 10

Capitulo 11
Capitulo 12

* Este capitulo podera ser deixado de lado caso os alunos tenham conhecimento prévio dos
conceitos de transformada de Laplace.

** Este capitulo podera ser deixado de lado caso haja pouco tempo disponivel.
O professor pode deixar de lado determinados itens dependendo do objetivo do curso.

Katsuhiko Ogata
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CHAPTER 2

B-2-1. . '

| _ S+0,4 — Sto %
(a) F6) = (S+o2)* +/2% S 4 0.8 + /4516
(b) ‘

$a#) = 4w (474 F) = 0.5 din 2t + 0.84 Cox 47

() _OSXL | 05865 _ 240.P54S
£26) stpgt ¥ Tsapgr = S24-/8

B-2-2.
(a)  Fiff)= Bain (5445 = 2./2/ 43 ST +2./2/ Coe ST

E{S) = 2.2/ x s 2./2]/s  _ /0.609% 2./2/s
I L Ty~
(b) F6) =0.03~ 0.03 cn 27
F,6)=-293_ _ 0.03s _ ¢03s'+0./2-0.035?
- 9/2
S ey
B-2-3. 2
L[#*l=% |
- 2,-At7Y 2
B-2-4. | | |
(a) )= v wt- crwtt ‘-=’2L4‘“' 2T
Hence

&/

L[t coar] = £ [£ui2t] = —Zs



(b) Define _ ‘ .
j(t): e ‘e St

Then

L] =L [eFunst] = (s+/)=+;.5 —@(x) |

| Using the complex-differentiation theorem, we have

| L[ g0] = ~ 22 |
L[tetanst] = L[t gw] =-2[66)]
_4_ ] ~70 (s1/)
TAS [(y+/)3~ +28 [( .,,/) +25~J7?
' f(f')- CoR24/¢ - coe 3WT -'—L(m;uf-rmd)t)- o
=J_ s s
FG) 5*+ 25wt + S‘-Hd_")
___ (s*+/30%)s.
(st+2s@*)(s*+ w?)
) =(t-a) 1(¢-4)
— e-¢8
F6) = 51
Y= ti(t) -(¢-7T) i(-é——T)
_ e"’TJ' /- e-'r.s' |
| F(f)- st s2 = st

B-2-8. f(t)'___,._z_‘"_f._ ﬁi[f-f—)- ({—a)i(é—d)

- 2¢ A ae"*“ e
Fey= (4 - 4< ady
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Lo o) = 2% 2¢ /, /-as e ‘%‘—e —as

a>o a-»o qs

| “2, _esy
= :_z L2, :74—(/ as e - e "»)» '

a4-r0

(%)
2¢ 4. _—Se frrafe Tise™
3‘ Py ' 34&

2 Im Z(set g Fe *’+:e'")
4 C I

. a»é
: / i
. .‘g.: "'g".i..—sz:e f':-.—nr-e %35"

24

= ?‘(-{-—-’-,_’-'—+s>
=5 o

B-2-9.

lan 5O = .&'n s'F‘S-) ,&:‘, —;?;/—)' = /0 .

To verify this result, note that

2" S(.s'+/)] (r0-10€7%) 160
f:::(// r0e ‘)i(l') /0

B—é-lo. :
$01) = Lin S FG6) = Lin

sp00- s»00 (s ‘\"2)"-— o

L[$0] = sFE - fo+) = sFE)

-3 -



for) = Lin S*FE) = Lom =/

S 00 5900 (S+2)

B-2-11. -
Fo) = —3t _ L _ __Stes—os
s(s*t+st/)) S (s+o.s)*+ o078
A _ XX a8 0.26f
S ' z+
(stas) +o.s6® 084 (s+as)* + e.866*
F) = 1 - crarbit + /7/32 e ":t,&u‘,ﬂ 26t
B-2-12. s\e—s

F6) = Py

‘Note that for a translated function g(t -of )1(t —of ), We have

toj[z‘—'o() 1({-—«)_] = e~ G (5) (o(,}o) o

Define

. - S
Then G{’) S+ /
ga-)=s\e’t
So we have o
-({.-) _ — -5 S
_ L[se™ 7 10¢-1)] = €757
f(g)_:.— ,["[Fﬁ')_] = .S*C-(t-’) 1¢¢- :L)
n—2—13.'
FI(’) .s-zb -T.l- sz
| f@®) = 6+ 3¢
(b) . $s+2 - 8 ® 2

e = (s+-1)(s+2)* ~ s+/ _"' (.r+z)’-+ s+2

ff)=-3e t+9te " ¥r3e




B-2-14.

) Fo = / e

si(s'+df) @2 (sF :H-m‘-)

Z

(b) Fafs) = L - (0<5</)
S(s* 25ams+ &n) -
- L St23c/y
S + 25wns twad
—_ _L/_ $+.$—Wn - . ;%
S (3tSam) *+ @F—FWE  (st5an)*+ en —5
Hence
f.6)=/-~ ¢ Car am J/- oy A /__3_1 Rl A Gl //— % 2

—"~‘/-é"‘""t (ca:«...//—- s + —‘i"" MWnW“S’ )

f2(t) can also be written as

fz(‘t) /- \fl—_s'—“- e_-fath (k/nJ/ S"l‘ +¢)

¢= t«« “’
B2-13.  Fe) = /0 (S+2)(s+ %)

(s+1)(s+3) ( s+ 35)*
'A MATLAB progran to obtain the partial-fraction expansion of F(s) is given below.

nnm-eonv([lo 201,{1 4D,
[ den=conv([1 4 3L[1 10 25]);
[r.p.k] = residue(num,den)

r=

-2.1875
3.7500
1.2500
0.9375




-5.0000
-5.0000
-3.0000
-1.0000

k=

_
From the MATLAB output, the partial—fracticn expansion of F(s) can be given as |
follows: '

_=2/375 . 3085 . 125  0.937¢
FE) ==t t Tracr * 513 Py

The inverse Laplace transform of F(s) is

- st -¢
S@)=~2/805e"F+3 prre>t+ 25 e 0. 9375

B-2-16. y Sty Ss3+ 65+ 95+ 30
F& .— st+ 453+ 2/5*+ ¢6.s+ 30
A MATLAB program to obtain the partial-fraction expansion of F(s) is given below.

mm=[1 5 6 9 30
dn=[1 6 21 46 30};
[r.p.k] = residue(num,den)

r=

-1.0812+ 1.7051i’
-1.0812- 1.7051i"
<0.1154
1.2778

‘pg

-1.0000+ 3.0000i
-1.0000- 3.0000i
| -3.0000

- -1.0000




Fram this MATLAB output, the partial-fraction expansion of F(s) can be given as
follows:

~/,08/2%) /.F05/ ~/.0812 =4 /. 705 3 , 2 ,
J + J /_o//.:g_+ / Ma__'_/

Ff) = .
) S+(-j3 St1+j3 s+3 st
- fq S2L2¢ (5#/)= 10-2308 oLLSE /2798
(5t7=j3) (s+1 +53) s+3 sS+/

g 2LRE(sH)  _2402X3 OSE _ 12778
Gt )*+3* (st/)*+3* s+3 s+/

The inverse Laplace transform of F(s) becomes as follows:
$60) = 30 —2./624Q "a= 3¢ ~ 3. 9(02 € ucs: 3t~ e’ 20057

z = [-1; -2]
p = [0; -4; -6]

B-2-17. Zeros at s = -1, 8 = -2:
Poles at s = 0, s = -4, 8 = -6:
gain K = S: K=4
A MATLAB program to obtain B(s)/A(s) is given below.

z=[-1;-2);

p = [0;-4;-6];

K=4;

{num,den] = 2p2tRz,p X);
printsys(num,den,'s’)

num/den =
42+125+8
#3+1052+24s

From the MATIAB output, we obtain
BE) _ _#s*+/25+8

AG) S st 424

| B—Z—lﬁ.w - . .
2X+7X+3x =0, AQ)=3, X@=o0

2[s*X(® -,Sx(o)» -] + 7 [sX® - 2] +3X®) =0
(25*+7s+3) X =65 +2/ |

-7 -



X(f) = ' ‘$+2/ = IS+ /0.8
25*+7s +3 Gros)(s+3)

3.6 0.6

S+6.5 S+3

X(t)= 3.4 et~ 0.4 e3¢

B219. |
X+2x = () , Zl-) =0

sXO - 20-)+2XxE) =/
(s+2)X6) =/

-t
X6 S+2

At =e~*F 1%

T . B—z—m.

oy -Sant | — £+ as a/y
x&)—de (Cﬂ(das)/)’ z+ m%af,h- z‘)
| Cos¥</)
At)= a e+ (brw,a) @ e (s' 2

o (FE) - b e
{ ( ‘f"_'—"" b } o (5Tt
t s o

(5>7)

B-2-21. Laplace transforming both sides of the differential equation, ve. get

SX6) - xp) ta X)) = A =2—

s’+”l



or ’
| | Aw b

(st)IXE) = < +
Solving for x(s), we obtain : |
Xo= 24 4 &

4
(s+a)(s*+w?)  ste

T et \ sta siyw? S'+0\—
o AW N\ [ A @

Aw s
adi+t st

~ Inverse laplace transtorm of X(s) giv&

% =L ' [ X&)

' Aaq | Ax S
<b+ i) ¥ prw z»u«a:z‘ aiear T
- (#29)

B-z-zz. [ [ » | [ ]
X+3x+EX =0, XP)=06, o) =3

The Laplace transform of this differential equation is -
SIXE) = s @) -20) + 3[5KE) ~ Ale)] +EXC) =0
By substituting the given initial condition to the last equation, we obtain:.
SEX) -3+ 35 X0s) +EXG) =0
from which we get

XG) = s -3 ____ ¢ Z .
s*+3546  (Srps )y (BEF E Grrs ) +(E)
Hence . |

£ — v
X(t)= p= €™ a2




B-2-23. ,
5£+2z‘+/41-—-c't) X(@E)=0 , 2@ =0

The forcing function e-t is given at t = 0, when the system is at rest Taking
the Laplace transform of the differential equation, we obtain : .

5*X6)~ s Z(e) ~2f) + 2[sXE) —x(0)] + 4 X6) = _;% .
By -Wi@im the given initial condition into this last equation, we get
S*XG) + 25 X5 +/p2((5)_ pory

X{;) - / / - L .—L_— __L S+/
s*+2s40 s+/ 9 st/ 7 (+1)*+3*
The inverse Laplace transform of X(s) gives

x(E)= .;Le-"‘t; }Le"tef: 3¢ (2‘?.{)

-10 -



' CHAPTER 3

B-3-1. |
RG) - oX
) G-+ Ga "
‘ 6’3 - 6’9
i) _ G+ Gy
RE) 1+ (G+ G)(Gs~ G4)
B-3-2. :
_— G, .
RG6) . p CQ
- 2 -
H ;’H:. -
—’k—é)—h 1+ G - 92 C(S)’. - |
L 1+ Go (Hy—~He)
| Ce) - (/1+G0G2
| 'R(S) lt Gz (H/"'Hz)
B-3-3.
' &l
' ' Ge
RE) 5 7 62 = Py 6 Py c6) .
\
| He
Hy

-11 -



”’ ’C‘(?)V_

R(s) : Gz >
Y ‘q, A%‘ [+GHs Far %
. ‘ ”3 -

GiGs (GatHs) _CB)
(11GHA) (Gt #)) T s

Y
~
+

co _  6,G.Gs + G G 4, _
R6) 7+ G2Hz2+ GG Hy + Gy HiHs + 6,6, G, + G,G3H,

'_' B-3-4. In the following diagrams, (a) denotes the unit—step response and (b)
' ‘corresponds to the unit-ramp response.

. nk)r
‘ b
/<w

&)~
w) |
L N
L ®
.| : 2l
o 1 z 5 £ % a 2 3 ¢ ¢
-E‘-’;--/;,(h- )=-Tﬁ{/+ ) E(,)-k,(l+7ix)=+(/+'-’3)

-12 -



al ®
®

| I NV U EU T JE
6 o/ 2 2 ¢4 & & ¢

_g.)) =4 (I-l-'.;i%‘l'ﬂ-")ﬂ ﬁ-("’;l;““"”)

; B-3-5. When D(s) is zero, the closed-loop transfer function Cr(s)/R(s) is

Cels) _  GeC) Gob)
RS) . 14Gels) 5/(’)
When R(s) = 0, the closed-loop transfer function Cp(s)/D(s) is
Co6) _ /

DB 1466 G6)

When both the reference input and disturbance input are present, the output C(s) -
is the sum of Cr(s) and Cp(s). Hence . '

/
/1 Ge(5) 6p 6)

€)= Gel)+ o) = 696,926+ 26 ]

B-3-6. When only the reference input R(s) is present, the output Cr(s) is gi\ien

by ) G 6.0
RE) 1t G,0) 620

For the reference. input R(s), the desired output is R(s) for the unity-feedback
_system such as the present system. Thus, the error Er(s) is the difference

between R(s) and the actual output Cg(s). The error Eg(s) is given by

_ o _ _Get®

&6) = R6) &)= RO [/~ EZ ]

' G,6)G.6) ] / ‘p
= R - =
: 6‘)[/ 14+6,6)6209 716 ,6) 909 Rt
A Assuning the system to be stable, the steady—state error essR(t) can be given
by
R(s)
e;. (t)-lme(t Lmsé' =4 2
7R tsas X ) = @ 20 /16,6)6,6)

- 13 -



When only the disturbance input D(s) is present, the output Cp(s) is given by
Cpb) _ G:6) |
D) I+ G,6)G:6)

Since the desired output to the disturbance input D(s) is zero, the error Eb(s) ‘
can be given by

Epé) =0~ Cp[’) = Cpé‘}

Hence
Gols?)

/! +6, G1(5)
For the stable system, the steady-state -error essp(t) is given by

e-g =,&;we ) = y = e -SGZ[’O Dé‘) .
ssp (¥) o o) Z‘m sépl) é: TF G056

The steady-state error when both the reference input R(s) and disturbance input
D(s) are present is the sum of eggp(t) and eggp(t) and is given by

Ep6)=—Cp ) = — DE)

Essft) = Exp (@) + ?:;P(t)

= /2 [ sRE) _ ség(r)pé)]
1+6,05) 6,6 /1G,6)G2(35)

[ #)- 6.6 Do] K

550 { /1"4,&‘)4;(39

- B=3-1.. When D(s) = 0, the block diagram of the system can be simplified as
: follows: - » :

G % c&&L
/16,6, H,

R()

The closed-loop transfer function Cr(s)/R(s) can be given by
Ge G Gy Gy

Cals) _ 1+G, G2 H7 _ Ge G G2 Gy
R6) Ge 816 Gs Mz
/+ +G,6: H, + &) Gz G M
1+ 6,6. Hy GeF; G2 Gtz

-14 -



when R(s) = 0, the block dlagram of the system shown in Figure 3-76 can be
modified as follows: '

o ' ]7(:). | o o
. s
7 % | & G, ‘-%)_’J G ™% p’)‘

Hy fe—— 45 [«
H, [+
D6&) C6) -
| -G | 6% > )>
#
G, - 65/72"‘35'.
Hence
G6) _ % G _ G2 6s

D) 145656 (Gth+4E) 146666 Mt GGty

B-3-8. '!‘hem infinitely many state-space representations for this sysf.ﬁ.‘

We shall give two of the possible state-space representations.
State—gg representation 1: From Figure 3-77, we obtain.
/
Ksz-_—;:}pL’;i— - L SeZ
us) x| S ppsiy S+ E
/+ S+p s +pst

which is equivalent to
Frpytytiy=d+2u
Comparing this equation with the standard equation
. 7"'"7"'"? *‘33"5:‘(—1-514 + b u +6,,«.
we obtain
Y=p, a2=/(, as=t, fy=0, bj=0, b=I, =&

- 15 -



Define ‘
N =Y-pu .
Kmy-pi —gu=i-fa

[

xc"x;."'Fa,“

Then, state-space equations can be given by

B

| %
Y=[r o o][:Q]-l-/l,u

kl=le o  /lel+l s |u
Ll |-z -1 P |z-p
y=0/ o oJx|
%)
| 4 stprE-p _ . E-p
s+p S+p s+p

we can redrav the block diagram as shown below.

- 16 ~



M'\
z
“IN

/4 e-p | % 4
% S+p .

From this block disgram we get the following equations:

~ ‘ V—U.-X["'x,
Xs = _£=p
=X, S'-l-f
) S = 1
T-Xi +Xs s
X _
Xa s

from which we obtain

% + f“” =(@-pIu- (2-/) x,
Xow =+t u .

'il" 7:»
‘Rewrit:lng,vahave |
% = x,
. &:—111'13‘?“
| X = - (i‘—f)x, —pXs +(2—f)“
_ " 2
or . ) _
1', | ’ / 4 x’ o

Li=1=/ o0  /l|lg]+] 1 |a
A |22 o =pllw] |-p

-17 - -



| %
Y= [/ o o][z,]

N
B39. w e s
S 1-'—3’4-2:.—.-.“
Define o
. % =y
%=3
X3'=’“
“Then
BN +30+ 2 =0
X =2
X.,=X.,
e 1 o]la] |0]
L=l 0 o /] t|o|¥
3 o -2 =3|ln] |/
%
v=[/ o o]
X
B-3-10.

-¢ - 18 :
The transfer function G(s) of the system is 'given'by

' -/
somcc-ag=t a5 1]

- S

-18 -



— [ ol —tl st/  ~I||1]
=L (5+¢)(S+/)+3[ 3 S+ ;4][/]

/ s
S Ss+7 y .o][""?]

- s
Sty 8s+7
B3 g' , '2
a<[7 7). =[Z], e a1

The transfer function G(s) of the system is given by

_ _ L
ao=cor-ae=p a7 ][

= [/ ] { |15+ -/ 2'.~
=LV 2 Grommt3 | 30 ses||s]

-

— / [,- z] 2s-3 7 _ /25459
s244std L Tdlss+3z/ S+ s+ &

A MATLAB solution to this problem is given below. °

A=ES 13 )
B=[2,5];

C=M 2j

| D=0;

| oo, den) = s28AB.CD) |

0 12 59

B-3-12.

i>
_ il
.
NS a
Ja“x
i .
L.____J‘
: t0
’ ]
r—



, Thetransfermatrixofthesystancanbegimby.

s -+ oo
-/ [ 0 © A
G' o ”) 0.1 0l ¢ S+é /
- | Ist+s+4 St6
= /0 7 4 -2 s+ és
L0 1 o) SPHgsttes+2

. / | /' S+€
ST4pste ¢st2 |S SHEs

- ' ’ n
/. - S+&
) SO+ G+ ¢st2 : Sttestp stz
S?tes it gs+2 s?+os*+gs+2

A MATLAB solution to this problem is given below. - -

A-[O-l 00.0 1,2 4 -6];
B=[0 0,0 1;1 0}

C=[1 0 00 1 0}

D=[0 0;0 0}
[num,den] = 5s2tf(A,B,C,D,1)

=
0 00000 00000 1.0000
0 00000 1.0000 0.0000
@i .

1.0000 6.0000 4.0000 2.0000
[, den] = s2(AB,C.D.2)
om =

0 00000 1.0000 6.0000

0 1.0000 6.0000 0.0000
den =

1.0000 6.0000 4.0000 2.0000

- 20 -
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B-3-13.  Since the same force transmits the shaft, we have

F=b(8-%) =b, (§-2)+ bs(5~2) - (1)
where displacemént z is 'défined in the figure below. : '
b,
'}

L7 Ll L

x y
In terms of the equivalent viscous frid:ion coefficient, the force f is given by
From Equation (1) we have v ,
by g +by €+ biEi=b Atbag+bs]

or

b, +Iaz + b,
By substituting Equation (2) into Equation (1), we have

5::‘/[?"{) = I{b_-'*b— [b,z+[‘z""b3)yj —Z}

2= [bz+(1’z+b3)ﬂ BE)

bz+ b’

—"/b+b;+b.v (q-%) | o (4)
Hence, by comparing Equations (2) and (4), we obtain
b = b byt bs _ ‘ /
T hitatby, L L
_ 62."’") bl
B-3-14.
(a) - . WX R =a
X9 _ _{
T6E) ms*+%k

(b) Defimtrndisplacanentofapointbetweaxspringsklandkzasy. Then
theequationsofmtim for this system become .

mX +Fy (x-y) =
kY =4 (x-2)

-21 -



From the second equation, we have

‘I.’ "’i&’ =k1x

or
| | — %
Then -
e _ﬁlil. x=u
T
T ™ 2 # %2
s+ ﬁl‘f'*;
B-3-15. . | . . | |
My th (-%)+& Y =«,
m,;}; th (4 -3 )+hy=d,
xl"’/
=7
F = 4o
X,-:y;
Then '
WAy b (%) TR X =«
”z x.,, + b] (f;—f;){- i; z: = ”‘
X., =1
X =~ -,'%'[5/(-‘?:--2¢)+l1 X:] + -,,L,,'t(, _A
% =

= -k [0 (6 ~2)+b: 3] + A

- 22 -



A 1

& _H S, k |

4 wm " % w4 -’.’L'I- e

= +

% 0 o @ ,/‘ Ll le o

o bs ‘3_ /

1,] 9 My Mz —”’ZJI’ o ;ﬁ;
%]

S
L-
il

. fe—
Q\'
Q8§
~ 9
L\

X X

B-3-16. "
Jo =T

where _

= —204‘—-‘»:;144:.0 <

T = md?

For small 6, v .

nl16 =~ 2ka*8 —»'1;10
or

0+(2“ /)’—0

B-3-17. Note that
1""":"'1"‘":"1 7q "lwr_’
For x direction: '
[ Y] oe :
M +mz'9 =U

'Mx-i-m (x-:-lmd =&

dt’
Since _
a2

= L = — (0 8) 8 +(C¢zo) & |

-23 -



.A (M"‘N) x - M/(Mﬂ)jz+m1(m’)é‘=u

For small 6 and small 62, we have '

| _(M-t-m)fi--t-ml; =« .
For rotational motion: .

Jo = wpd asn —mxl enp

T=T+ ml* » I= m—l-f

Thus, . '
(z-tmd*)s =7nf/4a’.a —mzh e §

For small 6, we have

| (I+Mlz);’=p,1&—m1£ o -(i)
From Equation (2), - o f
oo I+~ t 4 [
=qQf —
x=7 nt 4

Substituting this last equation into Equation (1), we obtain-

(mim)(30 - Itmls; )+m1.t9 =«

ml
or
M+ (M+m) T +Mm( L5 =
(M%) 20 — —y =«
Thus,
O-O 1 ’
5= —" (Am)g o - 4 )

«
(Mtm )z +pmd>" (Mt ) I +Mmd?
Also, from Equation (1) we have :

mplo —mlx
T+mpe .

(M+m)£ +md -

[MI+»:(I+)4‘1_19]:? +m'A296 = w(I+nly)

from which we get

-24 -



- w'l’y T+ml®
x == é + (a)
MI -+ (I+4L) MI+m[1'+M.(1)

Equations. (3) and (4) describe the system dynamics in terms of differential

equations.
By taking the Laplace transform of Equation (3), ve obtain

z_ 7}]»((”4'”1)2_ o 7”1 .
| [s (M+m)l'+/4nl'-] @ (m+m) I+ Mml‘ 'DZ&) |

{[MI-rm (I-I-Ml‘)] s:- m/(ﬂ-l-m)}} A _—m,(w

Hence

06 _ wd (5) -
Te) [MI+m(T+mL2)] s*—md (M+m)2 C
.By taking the Laplace transform of Equation (4), we get

- m* A2y T+ml* | -
”1"""1(1‘-1-/‘/1‘) Ot rtm (I-uav) "

S°XpB) =

_s',xé)_._.__ mAg oy T+ml*
vel MI+M (T3 ML) TG) — MI +m(T+ML2)

or

X® _ __ Ly . .  mt
Ve) ~ [MI+ n(z-mza)j—’ [MT+m (I+nl9]: a/(m.y,

T+mL?
[MLtw(zemi®)]s*

Equations (5) and (6) define the inverted pendulum control system in terms ot
transfer functions.

Na:tvesmllobtainastate-space tion of the Define
state 'ables o representa systq

(6)

"x,=a
% =6
N =X

and output variables by

-25 -



' - By eliminating X3(s) from Equations (1) and (2), we get

¥ =d=z/

Ja=X=X3

Then, from the definition of state variables and Equations (3) and (4),
state equation and output equation can be written as

[ o . MIr -
2 I /0 ollx 0
. nl(Mim)g i w{
B - |
-2 =| MI +a{1‘+ﬁil‘) o ¢ a. % + ML +m{I+-MLD) ©Z
X., - 0 / x, 0 oo
o | ﬁ'l‘,g T+mAt
X o X . ‘
i "J i MI-:-m(I‘-mt‘j 9 4 JL "J _MI-:-m(I-f-/u? j
I~
‘ _|%
¥ _ /0 o oy,
| /S “lo o / Oz
| )

' B-3-18. The equations for the system are
m, X, = —* Z/—ba?, — ks (i’,—f:.) + U«
Mz .z'z = —f Zz"bz"(;—'ks (22— X/)

Rewriting, we have
V”h’(,'f'b/% +k/?(l+'/(3’(, ksxz.'*'“

mtxz-f- bz + he Za tA3 X, =k37(

Assuning the zero initial condition and taking the Laplace transforns of these
two equations, we obtsin

(7”/ S+ bys t Ay Tﬁ:) )(1(-") k3 Xz(s) + U6 Q)
(”’zfz'f‘bz.f‘f',é& + k3)Xz(3) = é’ X’ (S) | - (2)

ks

X,0) + U
MLSt+bys+t ko +As ! %

| (M;'bi""f' bs+k "‘f})X;(’) =



Hence
Xl(‘) My S byt hy +h,y

T) ~ (mis>+ b,stk +Ies)(mz s +bz$‘+kz+k5) —kT
From Equation (2), we obtain

Xs(5) - ' /?_3
X ) - My S*™ ba st ka +ks
. Hence
Y=06) _ X3 X6 __ ks

7") XI(’) Uv6) (M/S 1"‘/5‘ f’k/ f-/t;)(/”: s 'I'A}'fk:."'k‘?) k&

B-3-19. The equations for the given. circuit are as followw:
¢, Lt '
Rl (%-2e)eq

Recat & (inctr+ L (G5~ "") 0
’Lfcgdf =6,

Taking the Laplace transforms of these three equations, assuming zero :lnitial
conditions; gives

RL@O+L[sL) sk =Ec6) (1)
RILG)+ e iC, tL[sn-sLo]=0 (2)
FLe) =606 | e

From Equation (2) we obtain

(;z +zs)I(s)_L:I(;)

I - lCs*? ' . .
2(5) TP YITY, LE) - (4) |

Substituting Equation (4) into Equation (1), we get

_(X’H-Ls—is Les” )L(’)-‘:fi(f).

LCs*tRCs+/

LC(RitR)s*+ (RRC+L)s+ K,
LC s*+ RCs+|
From Equatims (3) and (4), we have

S e @

"~

5)

Lis)=£,6)

- 27 -



From Equations (5) and (6), we obtain

Ef) Ls
E;6)  LC(R+22)s*+ (R/RC+L)s+ R,

 B-3-20. Equations for the circuit are

-E’,. S(“l“&) At + Rié, =&
| . N BN
_Cl;_f(,,.,,)asz;;-r E‘f““*_‘”

"'Cl‘:jt'z” =&,

The Laplacé transforms of these three equations, with Zero initial conditions,

are
=16 -] + K LE) = £¢) (1)
LT ' Lo+t Lm=0 (@
s [Iz(f)" 2.119] + X /6. Ces ~ 2 ) o
5 L. = 56 (3)
Equation (1) can be reﬁritten as o
&s[ Bt~ RLEe)] = L&)~ 1.6 (4)

Equation (4) givés the block diagram shown in Figure (a). Equation (2) can be
modified to :

C;s / o
L6) = zas7 a5 26 - 6] =)

Equation (5) ylelds the block diagram shown in Figure (b). Also, Equation (3)
gives the block diagram shown in Figure (c). Combining the block diagrams of
Figures (a), (b), and (c), 'we obtain Figure (d). This block diagram can be
succesively modified as shown in Figures (e) through (h). . In this way, we can
obtain the transfer function Ey(s)/Ej(s) of the given circuit..
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e 165)- I(s)
(a) | Gs —=
R, e L6)
. I8-Le L6) T, '
b .L Cos z(’) E(;)
() L ] O (c) leE—
E‘_ I,6)-Lt)
) | L6) E5)
d ‘ | U PR e R S &
( ) C,S 1¢s > R:Cos+/ > Cas
R, A
Eils)
(e) [} . { | Cas / E'(;)
G5 ™as { RiCast| L.Es_; T
C;:
(£) _ G 2 &)
ReCost=/ Ces -~ :
R[ F Gs
(g) - Ets) % ? 1 7 &
F,c‘, st/ g ReCr34+/ >
K Cyo e
w o B )

R1G Rz CaS 4 (RC,+ReCo + Re0 )5+
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- B3-21.  Impedance 7) is
. / . o
- Impedance Z; is z,
v . ’ L
Zz-kz"'c;s .

~ | /
£.6 = — Zz_ = Rat Cs

E'@') ZI 'f'Zz - '
‘ -&-i-c,—Ls +kz+ —L'c,s

—- _Rals+/
C (Retrma) St 1+ gf— |
If we change R to by, Ry to by, C; to 1/k;, C2 to 1/kp, then we obtain
RiCe s+  baks+y -
CtkdCs +1+E8 T (btb)fes +1+4

XdS) - -~ sz'f'ﬁ*éd = ‘b,;-'-“ o
Xe () (bl'f'b&)i”f‘k:'f&; (h_g.'.ﬁ,)_l.(h,.'.&‘) .

'l‘heanalogm:smednnicalsystenis_showxibelw.‘




. B3-22.

—p o & Ll
n | | RIS
L, =K, i S >———"
Then ' | | . e‘. s o eO .
EC) = (R0 16) R ¥ -
E,(s) =~ Re I(2)
Hence
E‘(S) L Rz_ o R2Cs
Ei(s) k,-r-c-‘;- Ries+/

' B-3-23. Define the voltage at point A as es. Then
E,b)- Rz RiCs
Ectr ~ o=+ R, RCs+l
Define the voltage at point B as eg. Then
. A
R.+R3

[ Enco)- €s6)| K = Eo6)
and K 1, we must have

Exl) = Eg(s)

E(5) = £, (s)

Noting that

E — 1Cs s - A = 3 o
") = ey Ei6) =)= o Eo6)

from wvhich we obtain

o %

Ep) _ RetR  RCs  _ (*z%)s

E““) ’ Rg . R]C.“f’ g+._[_
Z,C
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B-3-24. For the op-amp circuit shown to 7
the right, we have Ll 4
I R
Ern—E, =2, I, T . >——_o
. — Z; %
Eﬁ = EB e‘ 23 . . e
Hence
2,1, +€, = Z3 I/ ¢ - °
or ‘ v v
Iz""—ng(z’I/“'a) S
Also,

E-Ep =(Z+ Z¢>Iz
»=(Z,+2: )L,
By substituting Equation (1) into Equation (2), we obtain

l
| E¢~*Ea=_(22+z,)z(§1,—eo)
By substituting Equation (3) into this last equation, we get

(Z+Z)L € = (5, +/)BL - (5 11)E

(/""'— "/)E = (Z/"'ZJ - Z;?—Z;).II_

.-ZzE‘, =(2,2% -Z223) 1,

From Equations (3) and (4), we have

222 - Z, ' -
. 2 nz-zy,
&; Z,+2Z3 Z/Ze +2, 25

For the current op-amp cifcuit, we have
2,2-6-1".—) Zzé?,‘) 23=kz, z*:kl
Hence '

_ /[
£,6) Ko Ry - 25 K /?z"'zg.’ R2Cs—/

—
—

Eq . -
Ei6)  GrRHARR g, ReCsH

(@
(3)

- (45
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- B=3-25. Define the current in the ammature circuit to be i,. - Then, we have -

[-%-t-kzq-p-lq, Z_ = e

or .
(Ls+RIL) + Ks @uld=E:0 ()
wherexbisthe'backanfconstantofthemtor. We also have _ ' .
Inb, +T=To=Ké, (2)
T:z.g..?;.:”?z -
- Jdé =

mxiaﬂnmwrmqmmmiaistheammm Eqnati.cn
-(2)canberewr1ttaaaa

(J‘., +n .T;.)& =7K(.

(T tn* T ) 5* O =nk 1.6) | @

By substituting Equation (3) into Equation (1), we obtain

(Ls+r) (BEZINDE oo + ks 92 = E20)

[(Ls +R )(Tnt7* T2 )5 +K Ky ‘]@@ = nKE;6)

89 _ _ 2K
E6)  S[(Ls+R)(a+nTe)s+KK,)

B-3-26. We shall use Mason's gain formula to obtain Y(s)/X(s).

where
by Ly
B"-'- S': ’ Pﬁ:’;’"

Also,

=/=(L1+ £2)

vhere
Qq q
L "'"";.'L Y, AP —_s:_



. _
o _ _ 4/ _‘?_.E.. - S "fq,"""ﬂz
A=/~lf+le) =1+t 3 = ——
Also, o '
4, =[ , a, =/
Hence,

P- s? bé._t_bf _ bys+ ba
s*q,54Aa (r* s )7 s iq,54a.

B-3-27. ¥We shall use Mason's gain fofmla to obﬁa:l.n Y(8)/X(8).

P=—AL = E(Ak ‘:_AL(PIAJ-‘- Pz.dz"' 8A3)

3
where
_ b _ b b
7 7 P =75 e = ;’;
Also, .
A=/~(L,+L +L3)
where o
. -4 ) — A
| Li=_-:;-""' ’ Ly= <z ! Ly = 57
Hence p 3 4,
_ ¢, Q2 4; _ S°+a;8*+4:5+
A=/t g tmr g = =
Also,
A/—/) Az':/, A_g :.".-/
Hence, :
' 52 . b be
= 3 . ; + & + :)'
S'+a;s3+ 4,5+ ay \ 33 ad o
_ _;"3 R A;S"""bg"i'b_g_
T S+ 4,5 +ta.s+Aas 8%

b s+ bas + by
S’t+as*+ass+as

: B—3—§8._ Define _ -
=zt PAy +3y = Sf(x0y)
L 2sx%¢4, jplys/z



Tet us choose X = 3 and ¥y = 11. Then
F=Y +835 +39* = 9+ 24% + 343 = 636

- We shall obtain a linearized equation for the nonlinear equation near the point

X=3, ¥=11. Expanding the nonlinear equation into a Taylor series about
point x = X, y=§r'andneglectingthehigher—order terms, we obtain

Z- 2=-f~’.r(='f 2’)""’2(7 g)

| il — T+ 4T = 2¢+ 48 =90
k2= 32 xwZ, 9=F - o s lf"" 7=a

Hence the linearized equation is
Z-436 = F%(x-3D+ 50 (y—¢/)

RePeX +70Y — 636

B-3-29. Define

’=ﬂ.2-k,=;‘(i)' fs-.;?_
b= = f@+ 2 (x-2)+ .- -

Since ﬁ higher-order terms in this eqmtion are small, neglecting those terms,
we obta _ _

4 f&) =0.4 2 (x-x)

¥-o2x2% = 0.8 X2 (x-a)

Thus, linear apprmdmtion of the given nanlinaar equation near the operatim
point is

Y =2 X— 3.2
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CHAPTER 4

| Clhm(t=p) 4, R=Zhmb) @=kVF
Thus
| 4’ +6=k;,
Note that
dH
JQHK'L—W-?—
Hence
- ___/L
s X ﬁ"
‘ Kﬂ—r—'= 002
ve have
| o - R = :Jf; = 300
Thus, B 2

Time constant = CR = 5 x 300 = 1500 séc

B-¢-2. Por this system
CAH=—Qdt, Hem3r, Curir =

(ﬂ)'ﬂ'dﬁ = —-o.w.s\/_ dé‘

HEdp = - 0008 L &t

Asanmthatthahaadmmdwnfrmﬂahtoxforﬂnﬁbmpaﬂod,

i HEdY = — a.n.f‘—,%j‘ dt

Then



.37_-.(2*':._ 2'5) =—o.0/%32 (62-2)

uhida can be mwr:ltten as |
xF - 292/3) =—~2./¢80

XE = 8.656858~2./850 = 3.508F
Taking logarithm of both sides of this last equation, we obtain

"_‘_J:bfw X "'.‘é;/o Ao sy

X =/.682 -

- B43. From Figure 4-49 we obtain the following equationse
_ T _
./@')&&@ = Q6

;'l'{}&é)- - Qg(‘).

® -8
Cs

e -9. + é‘
/@‘)c@ QJ):/,&@
25

For each of the above equations, a block diagram can be drawn, as shown next.

-H )

Q.0)

”l(‘) i | ! e’_...‘,’ | -—”:-(2—p- -—'——-—-—-—
‘—%—ﬂﬁr — — =
S Q)
Hyls) | | |
&) T7] Hils) Q6) d [77] M)
——%——E-—" Sl
Qe 0,5 .
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Combining these elements of block diagram, we obtain a block diagram for the
system as shown below.

QG

'.Q‘{,) .
..

ER

I
BTN 1713 P

Simplifying this block diagram suecassivaly, we obtain a reascnably simplified
‘block dlagram as follows:

_ Qi)
Q) ya w2 T Q)
= = G| & L& o
Gs ~—1 Rz =
| ue)
() — 7 4
BCs+7 ' Ry Ce3 ! B
PAVY o

RCIS ! e Qo)

7 ) e 148
(ReG st )(ReCos/) *
RC s e
Q(s)—n1 RiC,8¢]
Q‘-(;) . . K _..,_f..’.(f..).

(R, s+ f)(’t .3 f'/)'f‘o?g(';:i'
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From this last block diagram we obtain Hp(s) as a function of Qj(8) and Qu(s)
as follows: _

K2 '
(Ricis +)(RCS+/) TR S

Ha5) = [ Qi) + (ki :+/)a,(9] N

B4-4. Figure (a) below is a block diagram of the given system when changes in
the variables are small. Since the set point of the controller is fixed, r = 0.
(Note that r is the change in the set point.) To investigate the response of the
level of the second tank subjected to a unit-step disturbance input Q4. we find it

convenient to modify the block diagram of Figure (a) to the one shown in Figure (b).

:4 | Ry
T T Rt 3
' 4. ®
Y=o h, —>
. | R 7 2 Ralos+ |
i i g "@_"
(~)
The transfer function between Hp(s) and Q4(s) can be obtained as
b)) Ro (RiC 5+ ()

UE)  (RCs+1)(RaCast1)+ KRy

From this equation, the response Hz(s) to the disturbance input Qd(s)- can be
obtained. For the unit-step disturbance input Qg(s), we obtain

hofe) = Lo $ Hols) = B2
2{ ) sPo 2 IR
" Ra
o o - KR, _ _
The system exhibits offset in the response to a unit-step disturbance input.

steady-state e =

B-4-5. Note that

Cd,l=3dt
vhere q is the fiow rate through the valve and is given by
Fe~ A
ey
Hi
enee C‘!& = Ps‘-“Pp

from vhich we obtain



Re) _ [
2 Res+(
For the bellows and spring, we have the following equation:
Aﬁ, = é:c
The transfer function X(s)/Pi(s) is then given by

XO _X® B _ A _J
6l Pl P X RCs+/

) & ‘_Eﬁ) .

:

! £

atb |

Y6) _

In this block dlagram, Z(s) is the Laplace transform of the small displacement
of the diaphragm of the pneumatic relay. The transfer function Po(8)/E(8)
is given by

.7 K &,

EG)  Atb q _4_ =k
/‘PK;K; atb _

Mcontrolacbimofﬂﬂscoubrolmispmporhionu ml;thncnntmlm'
-1aapropo:tianlcantroner _ _

4T, .Mimﬂsm:nofairin-ﬂnheumu?c+po. Than

| o f .
Cdfo-"'j_“ta ‘ J’—"i&

._I/ ﬂ"‘Po
cE=—%—
Re !ﬁ-+,’,=/’¢. | - (1)

Define the area of bellows asAandthedisplaoammtofttubenonu?+y. o

Then, noting that poA = Ky, Equation (1) becomes as

ke kAT =t
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P A
“ﬁ rE =t

Yo _ __®

26)  Rcs+/

A block diagram for this system is shown below.

X6) 5%
EG) ‘:. iy X& X, Bl% K (=) -
a :m') Ak
A+p | res+/ |
26 b . /GK
&) T a+h I+ A/g
f -K 4‘*‘.!: RCs + )
Assume that K3k 3> 1. Then

RG) _

EC) T a+b 4

Thus, the eontrol action is proportimal—plus—derivativa. -

a proportional-plus-derivative controller.

b___atk R(’.n-/ ( )(kc.s-!-/)

The controller is

s X(’) T
=l k] {x 2.
A
&k
: —$
a+b
A_7
k& Rcs+/
RE) b
E()  at+h KkKaq
avh (¢

=41 -

P(s+/



%55) Y Ki K
&) T atb Kka A C ( )(/+£CI

atp K kCS"!"I

The controller is a proportional-plus-integral controller.

:

B4-9 _
ﬂ?—*aib X6) 0 p RE)
= ‘% ,_ |
_ . dib‘—%%ﬂf() ‘:*’
R

7.’-.6')-_ L kK

£5)  Atb ik k B A Reys /
Atb R RCystl Roys+)

If K3jK »>1, then

RE) _ _» /
E6) a+b 4 A _Relss /
atb X RCis+l Rcs+]

bk eras'l"/
(AA ReCys )("'C‘”'O

bk /
m"‘{/* "_“ch.:s)(&c:;sf/)

li

=.!i A /

‘Ihus, the control action is proport:lmal-plus—integral—plua—derivative. The
controller is a PID c:ontroller. _

B-4-10. Referring to the figure shown on the next page, we can obtain the
equations for the system.
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For the diaphragm and spring assembly,

For the jet pipe,

For the pilot valve,

Aix = k2

26 A
Xe) Rk

Cp=kie,  APdu=g4t

du j K
— e ok = — R
“ T aph T 4p
V) - K
Z6) Aifis

Ay =gt Timku

"7_,? 5 = 4’:‘?
_dt Appe A/fz ‘

Yo _ ke
T~ Aps

" A simplified block diagram for the system is shown below.

X&)

D —— L ]

A ze) [w |ve | & 1

*® - r_ﬁ:ﬂ‘ . _&!;‘

Fram this block diaﬁfﬁ .ua obtain
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Yo) YO 08 29 _ kK K A _ _K
X0~ 00 Z6) X&) A ps Aips & £z

/(z | 93 /4(

B4-11. Define displacements e, x, and y as shown in the figure below.

From this figure we can construct a block diagram as shown below.

66} E() s X6) [k )
e — t Ty 4% — A ? =
. rm ) )

[ ath ]

From the block diagram we obtain the transfer finction Y(s)/8{8) as Follows:

bk

Y6) {2¥% 5 2 £b_ _atb N
@) 4k _a_ T arbk A4 T T 4
S atb |

see that the piston displacement y is proporticnal to the deflection angle ©
the control lever. Also, from the system diagram we see that for each

ve of y, there is a corresponding value of angle g. Therefore, for each
of the control lever, there is a corresponding steady-state elevator




B-4-12. Ssince the increase of water in the tank during dt seconds is equal to
the net inflow to the tank during the same dt seconds, we have

C“m:(ﬁ;*ﬁg”&)olf (1)
where '
4
?a‘_"}"
For the feedback lever mechanism, we have
= L
X = a+p h
Equation (1) can now be written as follows:
olh
Cr=0itga=f,=~Ky+g, -4 (2)
Note that
Ay - a
7L =Kz =K 35k (3.

By substituting the given numerical valuves into Equations (2) ané (3), we obtain
dh
2F =4+ e — 24

oA
2 -

Taking the Laplace transforms of the preceding two equations, assuming zero
initial conditions, we obtain

25 HG) =~ YE)+ Qu(s)— 2HE)
SYE) = HE)
By eliminating Y(s) from the last two equations, we get

252p(s) = —HE) + SRab) ~ 23 HE)
Hence

(25*+2s+/)YHE)= s Ra(s)
from which we get
| HE) s
Qub) — 25*+2s+/

B—4-13. For the system

bhA=k(x-2)
wlnreh:lsthearéaofthebellmmdz-isthediaplacenmtofthelmf:m
of the spring. Also, _
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y=K[xdt , =~

Thus
Yio) =5 X , Yt5) = —Z6)
Hence ) |
AP-G) = k [XB)~26)) = # [ ¥05) + YO} = ke (1+5)X6)
Therefore,

YO _ kX KA kA
£e) S RE) T Sk(1+E)  k(s+K)

B-4-14. Define

8p = amblent temperature

91 = temperature of thermocouple

62 = temperature of thermal well

R = thermal resistance of thermocouple

Rz = thermal resistance of thermal well

C; = thermal capacitance of thermocouple
Cy = thermal capacitance of thermal well
h = heat input rate to thermocouple .
hy = heat input rate to thermal well

Then, the equations for the system can be written as
6',4(0; =/f;dt' _
Ca by = (ha~ i)t
where hy = (62 ~ 61)/R; and hy = (6g - ©2)/Ry. Thus we have

40,
' (1783 — “"9: =4,

d& b8 _ B-8

C.
* R2 R,
By eliminating 6; from the last two equations, we obtain
85 _ /

Of)  RCRG S+ (RCGH+R LT RLE)S +/

Noting that



RiC; = time constant of thermocouple = 2 sec
RyCz = time constant of thermal well = 30 sec

we have : ¢ 5
Pzdl = R?.cz-a,:' 5'30“'{"_0" = £ sec

Hence the denominator of 6,(s)/@;(s) becomes as
RCGRC s*+ (RC+RaCo +R:C) )5+ /

= boS*+ 385 +/ = (rés/s+ /) (38355+/)
Thus, the time constants of the system are
T, = 1.651 sec, Ty = 36.35 sec

- 47 -



CHAPTER 5

B-5-1. Time constant = 0.25 min. The steady-state error is 2.5 degrees.

B-5-2. : Rise time = 2.42 sec
' Peak time = 3.63 sec
Maximum overshoot = 0.163
Settling time = 8 sec (2% criterion)

B-5-3. The maximm overshoot of 5% corresponds to § = 0.69. Hence

@, .".'.--2—-.-:'...-. 2 A
n = —g 747 - 2,50 aad/Sec

e . K(Ts+/)
R6&) TJst4+ KTs+K
SinceT-B, K/3 = 2/9, we have

cE _ F(3s+/).

R~ s +(-’-)3.9 + 3
Hence,2 $ Wp = 6/9 and wn2=2/9 Thus

Y=o 20]

B-5-5. When the mass m is set into motion by a unit-impulse force, the system
equation becomes _

mi +Ax = () _
Define another impulse force to stop the motion as A S(t - T), vhere A is the
undetermined magnitude of the impulse force and t = T is the undetermined ins-

tant that this impulse is to be given to the system. Thm, the equation for
the system when the two impulse forces are given is

mx+Rx =8P +ASE-T) , 7((4")--'-0, Z@-) =0
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The Laplace transform of this last equaﬁicm gives'

(ms*+8) X9 =/+Ac™"T
Solving for X(s),

o= / . AT
X6 = ms*+k ms 4k
IR 4 JEeT

+
2. R 2
Vém s = Yhm Py

The inverse Laplace transform of X{(s) is

xt)= gl s [ ¢ + A [ B (6-73) dce-)

If the motion of the mass m is to be stopped at t = T, thenx(t)mtbeiden--

tically zero for t 2 T.
: Notice that x(t)} can be made identically zero for t > T if we choose .

A=1, T= T 3T X 4
-1, r T T e e
& & TR
Thus, the motion of the mass m can be stopped by another impulse force, such as

r-7r) S(t-E). S(¢-E). -

B-5-6. Fora unit-impulse input
ct) = ~7e %+ 2 e~*t (ﬁ ?o)

For a uwnlt-step input

C)m I+te et  (¢30)

Y:) = 2(3—/-)
X (st2)(s+l)

For a unit-step input, the response is given by
Y =-3e +ge "~  (t20)
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A plot of y(t) versus t is shown below.

ot Step Reapores
\
g ] \
o8 \\
e
1] 1 2 3 4 |:.° [ ] 7 [ ] | ] 10
B-5-8. .
X2 e~ SV (t:+T) e-SnT c
X = / - o OFenT
| X / xy
i = —_—
Logarithmic decrement “"2'., ?t—/“-l"'x,, |
= T o by 2T o 2T
z HT ;"” 7P, W
Define /
In A ___2tr
n=r R =5 4
Then
or _ '
2 _ 4%
A



A (a'—/ )(/" )

R /1 + (- )(zn A

B-5-9. For the system shown in Figure 4-54(b), we have

c6) _ /o
R S+ (1+m0k )s 110

Noting that 2 ¥&p = 1 + 10Ky, &/ = 10, § = 0.5, we obtain
/0K, = ZXd..“X%.:\//a

18

14

12

Outputs
8 .
pad
N

/]

\

Note that for the original system . .
W _RE)—c s+

R - R® — srs+so
For the tachometer-feedback system |
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Ef) _RO-Cw _ _ S+3.4s
R&) RS 524-3./45 +/0
For the m:lt-ranp_input; we have :

E6)= Sy L\NL = S"4s [
d S*+s5+m0 S/ S¥y 8%+ /Jos ¢

[/ S*+3./6s .
Ef) = g 7 ;L J’. = — +3'/4f"
+3-/‘3 "'/ :3{.3,/(; .’./as J'

The error versus time curves [e;(t) versus t and ez(t) versus t] are shown below.

Ervir Curves ki Rionp Redporins

B-5-10. For the given system we have

) _ K
R6) . s*+25+ K#ks +K

Note that |
K"‘_“)n’.= 4‘2":/‘
Since -
we obtain L wn =2+Kk
2X0.7X Y = 2+kk = 24 6Kk
Thus o

k=0.225"
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BS511. |
cé) _ /£
RE)  s*+ (0.8 +/R)S+/E

From the characteristic polynomial, we find
Up=4 , 25Wy=2X0.8X 4% = 0.8 +/R

Henoe _ )
R=0.2
The rise time t.r is obtained from _
frﬂ.Li
&4
Since
J’d’nd/—'r" = M ,"“‘do
{5"' ‘-I'ﬂr-',&cu 0.864 .-_-;—g-
we have
g T-¥r
7 7. % = 0. 608" _s«:
Mpeakﬂmtpisohtainedas
—— - 3'/ ’
- o = «3; = -a.ﬁf =707 sec
'I'ham:_d.movershootupis | - _
- ¥ R P vy
Mp=e Vit = e Vi-szr =€ =0./¢3

The settling time tg is

Ts Fo = TEAE = 2 42

_ B—5-12. A MATIAB program to obtain the unit-step response, unit-ramp response,
andtmit-im“lserespmaeofthegimayatmisstnunonﬂxemtpage
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I numr =

% ** see Unit-step responge ***#*

101;
10];

num={0 0O
den = [1 2
t = 0:0.02:10;
sm)(num.den.ﬂ

%tla('UnIt—Step Response')
xlabel{'t Sec")

- ylabel{*cit}") _
. % ***** Unit-ramp response **"**

[0 00 10);
denr=[1 2 10 0j;
Cc= smp(numr,denr,ﬂ:
p‘o("t(t'c' - ltcto' " .

title('Unlt—Ramp Response'}.
xlabel{'t Sec')
ylabel('c{t}")

% ***%* Unit-impulse response *****

- anulsa(num.den,t)
'title('UnIt-lmpulse Hesporlsa‘!

xlabel{'t Sec')
ylabai{"c(t})")

[——
_.-,.f"‘
\'-'
/




Ww
l
/V\
o5 va
oo 1z @ .4 & 7

B-5-13. AmnABprogmtoobbainamit—steprespmseofthagimsystu
'Iheresultingxmit—atepreapamecumias}mnmt}nnexbpaga

is given below.

% aNEDS Unlt_Step nespom LA L L AN

- [-1 -0 H 0].
= {0.B .
= [1 0]:
D = [0}
[v-x-ﬂ = mptAoatcaD';
plotit,y). -

grid
titlef*Unit-Step Respome'}
xlabel{'t Sec’)

ylabel{'Output’}
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T

: Ammsprogramtoohtainaunit-ramprespmweofthegimsystemis
presented below, together with the unit-ramp response curve.

* R Unlt.m raspom nens

A={[1 0851 0)
B = [0.5;0);

C=[1 0}

D = {0};

% ****% Enter matrices AA, BB, CC, and DD of the new enlarged stste
% aquation end cutput equation ****+ ,

AA = [A 2zerosi2,1);C Ol
8B = [B;0];

CC={0 O 1

DD = [0);

% ***** Enter step-response command [z,x,t} = stép(AA,BB,CC.DD] rraee

{z,x,t] = steplAA BB,CC,DDj;
xgd- 0 0 1]*x'; plot{t,x3,1,8,-")

g
titie{"Unit-Ramp Response’)
xiabel('t Sec')

ylabel{’Output and Unit-Ramp Input'}
text{11,3,"Output’}
Unh-Ramp Rewpores
E
2
;
3
. ‘ow-n
% r 6 m ) = )
T4



: Finally, a MATLAB program to obtain a unit-impulse response of the systan
is given next, together with the unit-impulse response curve.

% ***+* Unit-impulse responge *****

A=[1 051 0]
B = [0.5:0];

C=[1 0]

D = [0);
impulsel(A,B,C.D)

il

A

P\

L\ 1
. \\ ___/"_""f

- B-5-14. From the closed-loop transfer functicn

Cc6) _ 3£ _ 38
RE) S*+25+36 T (s+/)%+ =)
ve find that @y, = 6, -}- and ¢ q =/35.
Rese time:
Z‘y" fo'l.'--—ﬂ
| T W
- a/./ 3 | . 37
ﬁ z:-"'-/ ﬁui /f -5 = LM- -:‘.
s z
,-_-,a.."&.?/g/ =/._¢.939w |
Hence -

QUG 1 K035 ' o
ty = = 0. 2738 sec
r- VE L
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Peak time:
I K

B Syl Nl
Maximm overshoot: o
M= e R T=e VB =g

~0.59/0

Settl tiine criterion):

A MATLAB program to obtain the riae time, peak time. maximm overshoot, and
settling time is shown below. The wnit-step response curve of this system is
shown on the next page. :

M'IO 0 36);
| dem=[1 2 36];
t=0:0.001:5;

fyx.t] = step(num, den,t);
1= 1; while y(r) <1.0001; r =r+1; ead
. 1ise_time = (r-1)*0.001
rise_time =
0.2940

o) - maty);
| peak_time = (tp-1*0.001

: M_ﬁm =
0.5310
max_overshioot = ymsax-1
aex_overshoot =
0.5880 |
| &= s001; wﬁhy(-ponay(sm oz,s-s-l ena;
leﬂhnl_ﬂme - (-1)'0.001
: mhm -
3.8210




B-5-15. The closed-loop transfer function of System I is
6 _ / |
R(s) stro2s+|
The closed-loop transfer function of System II is-
| Cg® _ _iteds
R() St s+ /
The closed-loop transfer function of System III is

Cxl) _ /
Re) ~ s*+s+/

The unit-step response curves for the three systems are shown in Figure 1. The
system utilizing proportionali-plus-derivative control action exhibits the short- .
est rise time. The system with velocity feedback has the least maximm over- - ° -

shoot, or the best relative stabllity, of the three systems.

8 Unit-Biap Responess

N

. /AR |

ot /

12 R WY ‘._..-.
g: ' N / C n a wwwel
3“- x [

o8 wlf9 /

T N

Figure 1 b




The wnit-impulse response curves for the three systems are shown in Figure 2.

. Unit-imputes Fasponses
o8 "7/\‘
(N
08
uioo B
T T
% axf—— \ /
- 'v \oﬁ’ * L] ]
b sfotom2 *“*,::f: a-!ﬁ“é T N
032 -
mt \[_
\
Fi 2 =
gure i
“0 1 2 3 4 1:.= -] 7 ] |} 10

nmunit-ranprespmsecurveeforthethrmsyatemareslminﬁgure'3. Sys-
tem II }iras the advantage of quicker response and less steady error in following
a ramp input. ' ' '

The main reason why the System II that utilizes proportional-plus-deriva-
tive .control action has superior response chracteristics is that - derivative _
~-control responds to the rate of change of the error signal and can produce ear-
1y corrective action before the magnitude of the error becomes large. Notice
that the output of System III is the output of System II delayad by a first-
order lag term 1/(1 + 0.8s). : : -

Unil-Ramp Responese
10 n
. e
0°°
-]
7| /o°
N 42
2 Sysiom | = o
¥ 7 X
1 o=t 2
4 a"
3
'
2 ,"’ .,°°° 3
. o a°°"
Figure 3 st
% 1 2 3 4 s & 7 » * 10
: 18



_'IhemnABprogramthatuaedtoobtain'Figurésl, 2, and 3.i2 shown below.

% -—- Obtaining unit-step, unit-impulse, snd uh!t-ramp responses ——
% ®% 2% Unit-step responses of thrae systems *o*++

puml = [0 O 1);

denl = [1 0.2 1];

num2 = [0 0.8 1)

den2 = [1 1 1);

num3 =[0 0 1];

dend = [1 1 1)

¢1 = step{num1t,deni,t);

c2 = step{num2,den2,t);

€3 = step{nums,dans,t); :
plotit,c1,'-",1,62,'x", 1,¢3,%0")

grid
title{"Unit-Step Responses')
xlabel{'t Sec’)

yiabel{'c1, c2, ¢3°)
text{4.2,1.7,'System 1')
text{4.2,1.3,'System 2)
text({3,0.9,'System 3')

% ***** Unit-impulse responses of three systemsg "t ee

x1 = impulse{pum1,den1,t);
x2 = impulse{inum2,den2,1);
X3 = impuise(num3,den3,t);

plot(t,x1,"-",t,x2,'x", t,x3,'0")
d

gri
title{"Unit-Impulse Responses’)
xlabel('t Sec’)

ylabel{'x1, x2, x3"
text({3,0.5,'System 1°)
text{0.8,-0.1,'System 2"}
text{4.1,0.1,'System 3%)

% ***** Unit-ramp responses of three systems ***4+

"numlr=[0 0 Q0 1}
denir=(1 0.2 1 0O)
num2r ={0 Q0 0.8 1j;.
denZr=[1 1 1 0O);
hum3r=[0 0 O 1];
den3r=1{1 1 1 O}
y1 = stepinumir,denir,t);
y2 = step(num2r,denr.1);
y3 = step{num3r,denar,t);
pm(t.t.‘-—'.t.w.'-'.t.v2.'x'. t,y3,'0"}

g .
title{'"Unit-Ramp Responses’)
xiabel{"t Sec')

ylabel('y1, y2, y3°)
text{2.5,5.5,"System 1')
text(6.2,4.5, System 2')
text(4.8,2.5,'System 3')
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B-5-16. The closed-loop transfer function of the system is -

X8, _ %o
- RS é./s-’-t- st + se5 4 0

MMprogramtoobtaintMmit-steprespmaecurvaiagimbelw,togeﬂnr
with the unit-step response curve.

- . Uni-Biuep Resporas
% ***** Unit-step response **+»* /‘\ -
. _ : : 1 . P e, O
num=[0 O O 40 _ ¥ N L~
den = [0.1 1 10 40 - / —
t = 0:0.01:2; os
X1 = steP(num.den,t), .
plotlt,x1, _ _
grid ROS
title{*Unit-Step Response') /
xlabel{'t Sec"}
ylabel{'x1"} o4L /
02
%unguua-ﬁ-uuu 2

Ammmogrmwommthemit-rammpmumisgimm The -
resulting unit-ramp response curve is also ghown, _ :

- mm
-1.'
% ***** Unit-ramp response ***** | K /vé '
. 14
numr=[0 O 0 O 40); z @
denr = [0.1 1 10 40 0); !u - L
t = 0:0.01:2; : 1. yd
Yi= step(numr.danr,t): 1 ' /r
P'Oﬂtotn' .ltoy1! - ] f
('UnIt-Ramp Response') ‘I ‘ r/
xlabel{’t Sec") . / 4
ylabel{'Ramp Input and Output x1 Y ] /’ -
. 'oe : ’
4 . A
a2 04 a8 M 1 1.2 14 14 13 2 .

Noting that x; =‘,—%x1, we have

.Xz(SZ R .. .
RE) ~ 0./S% +35%+ fos + %0
The response x2(t) for the unit-step input and that for the unit-ramp input can

be obtained by using the MATIAB program given on the next page. The resulting
respmaecuruesfxz(t)versustcurvas]arealsoshamonﬂnmtpage
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9% *e*s*+ MATLAB program to obtain responses x2 to inputs rit} = 1(t) and
% rit) = t.1{t) *****

mm2=[0 0 40 0};
den2 = [0.1 1 10 40];
t = 0:0.02:3;

x2 = gtep{num2,den2,1};
Drl?‘}(t.xm

0 i _ _
title{"Responsge x2 to input rit) = 1{t}")
xlabel{*t Sec')

ylabel({'x2')

num2r=[0 0 O 40 0O
den2r = 0.1 1 10 40 0l
y2 = gtep(numr,den2r,t);
pg(hb'—'&yza'o'}i

g ' '
title{'Response x2 to input r{t) = t.1{t)")
xlabel{'t Sec’)

ylabel{*Input Unit-Ramp and Response x2'}

Response x2 o g o) = 100)

w b
[ —
_—

w5
e

o s 1 18 2 28 2
. thec .
. Raotponss 2 10 input D) » L 1t
25¢
o
E 2
;m :
1 ——
osp——&
o
(] s 1 15 2 a5 3
tBec
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Next, we shall obtain x3(t) versus t curves for the unit-step input and
wnit-ramp input.  Noting that

X6) /é

X35) T ods+/
and |

X;6) < $os
: ' RG) 0.1 5%+ St 4 f05 + %0
we have

Kb _ N8 X%b) _ ety ges |
KO Kb) RG) T s 45t 4+ raes + veo

T!mefouowingmmnprogramc#nbeumw-ohtain responses. :lnpnts.
r(t) = 1(t) and r(t) = t+1(t). . The response curves are slnwf:slg:iozoand on the

next page.

%illl. MATLABI}I’O ram to obtsin xam
% () = 1(t) Bnd r{l) m L1() resse o Poneo X '"M'

num3 = {0 4 40 0O}

den3 = [1 10 100 400

t = 0:0.01:3; )

x3 = gtop{num3,den3,y;

ploti{t,x3}; _

ot Response x3 to Input riY = 11t
titla{'Response x nput = '
xlabel('t Sec") '

ylabel({'x3'}

num3r={0 0 4 40 0);
den3r=[1 10 100 400 O

y3 = gtep{num3r,den3r,t); .
plot‘tlto.-.ctlvac'o.’ ' )
titie{'Response x3 to Input r(t) = t.1{t)")

xlabel('t Sec"') .
ylabel(*input Unit Ramp and x3"

Reepones 3 1o iput ) » 110

A
Jdn
S
\




Reapores %3 w inpul iff) = L1}

oll ob 1 1.3 2 25 3
toan

FPinally, we shall obtain the error versus t curves. Plotaofe(t)vaﬁuu
t curves vhen the input r(t) isamitstepormihraupcanbeobhaimdbym
of the following MATLAB program. _

' 9 -—-— MATLAB program to obtain e(t} versus t curves
% ***#** Unit-step response *****

num=[0 0 0 40];
den = [0.1 1 10 40);
t=0:0.01:3;

x1 = stepinum,den,t);
plotit, 1 - x1);

m .
?Itlel'.Plot of elt) versus t when ¢it) = 1{t)*)
xlabel({'t Sec’) _
ylabel("el{t} = 1{t} - x1{)")

% seane Urﬂt—ramp fﬂm"""

nunw = [0 0 0 O 40);
denr = {0.1T 1 10 40 O);
Yyl = mp(numr,dem,t),
plotlt.t. Lt - y1,'0')

grid

titls{"Plot of e{t) versus t whe = t.1{t)
xlabel{'t Sec"} W nr{t] 1w
yvisbel{'e(t) = t.1(%)} - x1{t)"}

mee(t)vmt'mmmﬂmnmt}nmtpage.



Mot of wit) versus twhan it = 1Y

‘8w

Piot of oft) vermum ¢ when 1) = L YY)

25
. z :
-4
£
gu
£
1
% [T 1 5 T 24 I rl
. t8eo

B-5-17. ‘The .cldaed-—loop transf;ér function C(s)/R(8) of this systan is -

ce) . G6) s'(.s-e-/za V(s t#)

RE)— 1166) T 4 sc:+f)(s-+¢)

/70
CS3+ L5 5+ /0

AW&TIABprogmtoobbaintMmit—stepreapmsecurveasnnaéthgrin
time, peak time, maximum overshoot, and settling time is shown on the next page.
The unit-step response curve is also shown on the next page.

—




smm=J0 0 0 10}
den=[1 6 8 10];
t=0:0.002:10;

fy.xt] = mp(mdnn.t);
plot(t.y) -

id _
title("Unit-Step Response Carve’)
xlabel(t (sec)) |
ylabel('Output’)

r=1; while y(r) <1.0001; r = r+1; end
tise_time = (_1'-1_)‘0.002

rise,_time = |

1 L7720

bmaxip) = maty),
| peak_time = (tp-1)*0.002

peak_time =~
2.6320
: nu_‘_mﬂ.loot = yasx-1
' max_overshoot =
- 02146

8= 5001; wlﬂey(s)>098&y(|)<l 02;8=g1; md,
uﬂhng_ume-(a-l)'om

thing time =
5.9960

- -

AN
T/ T
1l
| /
".:7,:. s
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B-S5-18. A MATLAB program that produces a two-dimensional diagram of wnit-
hpulaerespmsemvasandathree—dimmsimalplotofthereamemsie

given below.

% To plot a Two-Dimensional Diagram.

t=0:02:10;

2zta=[02 04 06 08 1};
forn=1:5;
mm=[0 2%2eta(n) 1J;
den=[1 2%zeta(n) 1];
g(dlﬁl,n),!.ﬂ = impulse(mm,den,t);

plot(ty).

grid
ude(ﬁotoflhnt-lmpulsekecpmeonmwnhm-02,040608 19
xlabel(t (sec)) | '

ylabel(Response)
text(2.5,0.4,0.7)
text(2.5,0.6,0.4)
text(2.5,0.8,0.6)
text(0.5,1.3,0.8)
text(0.5,1.75.'1")

% To plot a Three-Dimensional Diagram,

uﬂe('ﬂnee—DmomlHotofUmtIupnheRespomeCwm‘)
xlabel(t (sec))

ylabel(\zeta’)

zlabel(Response)

The two-dimensional diagrem and three-dimensional diagram produced by this
MATLAB program are shown below and on the next page, respectively. '

oot nl-lmpaive-Focponae Ouvas vilh £ = &304 00001




The resulting three-dimensional .

i=s shown below.

A MATLAB program to produce a three-dimensional diagram of the

unit-step response curves

plot is also shown below.

B-5-19.

t=0:0.2:10;

zeta={02 04 06 08 1;

£ ol
i)




B-5-20.° A MATLAB program to obtain the unit-ramp response curve of the given
system is given below. g

% MATLAB Program for Problem B-5-20

A={0 I;-1 -1}
B=[0;1};

C=[1 0];

Da=(;

t=0:0.1:8;

u=t

y= WA-'B!C:D’“J);
plotitn, - ty,'0)
m .

title("Unit-Ramp Respouse')

xdabel(t (sec))

ylabel(Unit-Ramp Input and System Output)
text(1.5,4.5, Unit-Ramp Input’)

text(4.5,2.5,' Ouiput) o

~ The resulting réspanse curve is shown below, together with the tmit-—ralp input.

IRE=
i

B-5-21. The closed-loop transfer fumction of the system is
e .G 105+ /o
| | RS 11+ GE) S+ 45+ fps+ 10
The unit-acceleration input is given by |

r(t) = 0.5 t2 (t >0)

Ammmmmmmrmw.ﬂnmmj@ed-mt}nmﬁ-
acceleration input is givesi on the next page. . _

-0 -



% MATLAB Program to solve Problem B-5-21

mm={0 0 10 10};
den=[1 4 10 10];
t=0:01:5;
r=0.5%*"2;

y = lsim(num,den,x,t);
Plfl(u’"'st:)'s'o')

grid

title('System Response to Unit-Acceleration Input’)
xlabel('t (sec))

ylabel(Unit-Acceleration Input and System Output’)
text(0.7.4.5,Unit-Acceleration Input’)
text(3.3,3,'Output)) :

The response curve is shown in the figure below, togetherwiththeunit—accele—
ration input.

Syuinen Fnspenss i UnitAasbaation inget

It (]
i
/00-'10000." '
[T] ‘2 [ 2 [ 4 [T §

B-5-22. By taking the Laplace transform of the differential equation:

L]

Y+37+2r=0,  y(0)=0.1, ¥(0)=0.05

s21(s) - 8y(0) ~ $(0) + 3[8¥(s) - ¥(0)] + 2¥(s) =
By substituliing the given initial condition, we get
(82 + 38 + 2)¥(s) = O.1s + 0.35

Solving thie last equation for Y(s), we obtain

g = _0/ste3s o./s-f-a.?s- 228 o
S*4 3542 (s'-f-/)(.r-p,z) s+/ S4+2




The inverse Laplace transform of Y(s) gives
y(t) = 0.25¢~t - 0.15¢~2t

~ This is the solution of the given differential equation.
MATLAB -solution: |
let us ohta:ln.a state space equation for the system. Define
X =Y
- m=y |
Then, the state space equation and the. output equation. become as foilows: :
Xy 0 1% x; (0) 0.1

= ’ -

2| |2 -3{|=x x2(0)] |o.05

4 =.[1 0] [le
[ *2

A possible MATLAB program to obtain the response y(t) is givan in the following.
The resulting respmse curve is shown below

A=f 12 -3);

B=(0,0];

C={1 0

D=(;

t=0:0.01:5;

y= init;nl(A.B.C.D.[O-l ;0.05),0);
1y .




@) _ K
R&) S(s+1)(3+ 2) + I<

The characber:l.stic eqmtion is .
s-'+3: 25+ K=0

The Routh array becomes

33 / 2
s 3 - K
3
| K
For stabiiity.mrequlre6>xandx>0. or
E>K >0
B5-24. _ -
[« o

RE) = S(s-1)(zs43) +70

The characteristic equation is
28+ 5 -3: + /0 =

The Routh array becomes

s3 2 -3
5 / /0
s' -23
s o

- The system 1s unstable.

3-5-5 Por the characteristic equation

st+ 25°+ (¢+K) st +?:+2$ 0

the Routh array of coefficients is



s¥ / “tK 25
53 2 4

-~/
2 zkz P

2&~7
s° 25
For stability, we require
zk—/ - [8k— /0%
2Kk=/

>0

K>as /18K >/09

K> /o? = f.o54

For stability, K must be greater than 109/18.

B-5-26. The closed-loop transfer function C(s)/R(s) is

c6) K(s-2)
RS ~ (St1)(s*+4s+28)+K(s-2)
K(s~2)

$*t 25+ (3/+K) s+t 25-2K

For stability, the denm:mator of this last equation must be a stable ynomial,
For the characteristic equation : pol

S 75+ (3¢ fc) s+ 28~2K =0
ﬂleRouthathemsasfonm:

s? 7 /+K

s 7 L 2824

S’- _(fz'f'z;f g o
7

s° 28-2¢

Since K is assumed to be positive, for stability, we require
125 >K > 0 |
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B-5-27. From Figure 5-89(b) we have

cé _ K - o
RG)  Js*+ Kk, s+K s+ _%g_ s+ £

By substituting K/J = 4 into this last equation, we cbtain

C6) . ¥
R Sty gfas+ &

Since a/y = 2, §= 0.6, and 2 §4/,, = 4Ky, we have

K, = 224

= 0.6

B-5-28. From the block diagram of Figure 5-90, we have

L o6) o 20k
| RE) S+ s+ (¢+20kK )s + 20K
The stability of this system is determined by the denominator polynomial
(characteristic polynomial). The Routh array of the characteristic equation

S}+ s+ (¢t20KK, )5+ 20k =0

is

53 / 4¢+29'qu|
s* s 20 K
S’ gt20kk -4k O
s° 20!:_
For stabllity, we require _
" 4+ 20K0, -~ ¢k >0, | 2ok >o
| CSKKy > K~/ K >0

The stable region in the K-Kj, plane is the region that satisfies these two
inequalities. Figurelahwsﬂnatableregimintmx-xhplane. If a _
point in the KKy, plane (that is, a combination of K and Ky values) lies in the
shaded region, thén the system is stable. Conversely, if a point in the -
K-Kp, plane lies in the nonshaded region, the system is unstable. ‘The div:l.ding
curve iz defined by SKK,, = K - 1. (Any point above this dividing curve corres-
pondstoastablecmbdmtimofxandxh)



A : '

s -1 0
I-8l= b s -

_ = 3"""&;5"”'(5;*‘_,)54- L; 53
- The Routh amy is |

s b}b" I'

Trhus, the first colm.ot'the'nmth.amyofﬂnm equation con- -
_sists of 1, by, by, and bybs. |

B-5-30.

T W _ GO ks+b
RE) ~ I1+6(» S*+as+b
Hence ' :
(s*+as+4) 66) = (ks+3)[1+66))
o |
Ks+b
) = S(sta—K)
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' The steady-state error in the unit-ramp response is

=L _p L _y. .S'(Slf-ﬂ_-k)_.d-—k_
€= % —.&: S GE) ﬁ:‘ SCks+b) —. b

B-5-31. The closed-loop transfer function is

=X
Jst+8s K

For a unit-ranp input, R(s) ='1/82. _ Thus, _
£8) _ RG)-CO) Js*+ Bs
Re)  RE) Jst+8s+K
L Js*+Bs
EQ) = _
& Js*+Bs+£ St

The steady-state error is

€ = ef0) = Liny 5 £6) = 5
t 2L .

We see that we can reduce the steady-state error ey, by increasing the gain K
or decreasing the viscous-friction coefficient B. Increasing the gain or
decreasing the viscous-friction coefficient, however, causes the damping ratio
to decrease, with the result that the transient response of the system will
becoms more oscillatory.  Doublimg K decreases egg to half of its original :
value, vhile § is decreased to 0.707 of its original value since & is inversely
proportional to the square root of K. On the other hand,decreasing B to half
of ita original value decreases both egg and ¥ to the halves of their original
values, respectively. Therefore, it is advisable to increase the value of K
rather than to decrease the value of B. After the transient response has
died out and a steady state is reached, the output velocity becomes the same as
the input velocity. However, there is a steady-state positional error between
.the input and the cutput. Examples of '
the unit-ramp response of the system for
three different values of K are illust-
rated to the right.




- B-5-32, Consider the system shown below. .-

| p0 :
. ,
“"’—‘l—%—» 6:6) | 69 ©“_

From the diagram we obtain
) . G6)

P 1ree6H
For a ramp disturbance d(t) = at, we have D(s) = a/s2. Hence,

CO)=Lim SCE = o, 36 4 _ ,. _a
- T . vl [+GPG() S o, SG.(s)
q(n) bacomes zero if G.(s) contains double 1ntagra|:or'. _




CHAPTER 6

B-6-1. The open-loop transfer function for the system is
We first 1ocatetheopen—1ooppoleeandzeromthecomp1m:plane. A root locus
exists on the negative real axis between -1 and -co. Since the open-loop

transfer function involves two poles and one zero, there is a possibility that
a circuwlar root loci exists. ,

The equation for the root-locus branches can be obtained from the angle
condition _ Kestl
/ ——2 =t/80° (z& +7)

which can be r_euritten as
[5+/ —-2/f5 = :f-'-/J‘a."(zk-H)
By substituting 8 =0+ je » we obtain

[o+jwt] ~ 2 [or jo = L /80°(2k+!)

-7 -} Dt
y (H’, ~ 20w =t /80°(2k+/)

Rearranging, ve obtain :
- -/ {J - _____ e
P (0_*/ ) L' & T’ - + /8o (2&4-/)

Taking the tangents of both sides of this last equation. :

o [ G /(5 ~ 2 ()] =t [ 2 £ /00 (zu;)}

which can be simplified to

&/ & L
o=/ O I o — &
& &
BAde >~ 1+%xo

Henoce

T e = 'L(""

from which we obtain _ _
w(r+1) +w*— ]

a+/ a-)

- 79 -



This last équatim is equivalent to
w=o oy - _(0“1"'/)2 + o = /

These two equations are the equations for the root loci for the system. The .
. first equation, w = 0, is the equation for the real axis. The real axis from.
8 = -1 to s = -0 corresponds to a root- locus for K2 0. (The remaining part
of the real axis corresponds to a root locus for K<0.) In the present system,
K is positive. The second equation is an equation of a circle with the center
at ¢= -1, 4/= 0 and the radius equal to 1. The root-locus diagram is shown

below.

9y

B-6-2. The open-loop transfer function is._

K(s+4¢
| G&)HE) ""(T-ng'
This system is similar to the one in Problem B-6-1. 'Ihe'systanimblvaam
poles and one zero. The root-locus plot involves a circular root locus. A
root-locus plot of the system is shown below.




B-6-3. The open-loop transfer furiction
K
GE)HE) = S(8+1)(s2r ¢ 5+5)
has the poles at 8 = 0, 8 = -1, 8 = -2 £ j1 and no 2eros. 'Iheasympt.oteshave

angles + 45° and + 135°. The asymptotes meet on the negative real axis at
Oy, = ~1.25. Two branches of the root locl cross the imaginary axis at s.=

tjg. mgngleofdeparturefmtlncmplexpoleintlnupparhausplm
is +162°,

AmnABprogmtOplott}nrootlociandasynpbotu isgivanbalow,to-
gethaer with the resulting root-locus plot. _

% **°°** Root-locus plot *****

num={0 0 0 O 1§

den=(1 & 9 b5 O

numa=[0 0 0 O 1}

dena w» [1 § 9.376 7.8126 2.4414);
r = riocus{num,den);

RLotlr.'-"l

id

Current plot heid

plotir,'o")

rlocusinuma, dena} ,

vﬂ: -4 2 -3 3); axis{v); axis{'square’);
tltlel Plot of Root Loci and Asyrnptotas'}

Plol of Root Lool and Asympioles -

~1
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B-64. A MATLAB program to plot the root 1oci and asymptohes for the follow-
ing system: .
K

S(s +a.$')(.s"+a Es4/0)

GO HG) =

is given below and the resulting root-locus plot is shown below.
Note that the equation for the asymptotes is -

k
(5 to.295)
&
S+ 1452 085375 sV 0.083/27% 5 +0.08S7/FI

G‘ﬁ) ”4{3) _

% ***** Root-locus plot *****

num=(0 0 0 O 1);

den = {1 1.1 10,3 & 0);

numa=(0 O 0 0 1}

dena = {1 1.1 0.45375 0.0831874 0.0057191};
r o= rlocus{num,den).

piotir,'-'}

hold

Current Plot held
plat{r,’0’}
rlocus{inuma,dena)

v l::ll - B -b 5); axislv); axis['square']-:
gr
title{'Plot of Root Loci and Aswnptotes (Problem 8-8-41']

Piot of Root Loct snd Asymptoles Problem B8-8-4)

g =




B-6-5. A MATLAB program to plot the root loci and asymptotes for the sysl:en

K
G6) =
76’ His) = (S'+25+Z)(€'+Z$+$‘)

is shown below. The resulting root-locus plot is also shown below. The
root loci cross the imaginary axis at &/ = & 1.87. This point is obtained by
solving the following equation: -

[+ 2pwr2][(w)+2jw +5] + K
= (W¥-F0* 10+ k) +j(—¢w'+/pw) =0

By equating the imaginary part equal to zero, we obtain &/= + 1.8708. By
aqmtmgtherealparteqmltozaro.wgetthegainmueatthecming

point to be 9.25.

% sreee HOO{-IOCUS plot #*e**

num=[0 O 0 0O 1}
den=[1 4 11 14 10);
nuima=1{0 0 0 O 1];
dena=1[1 4 6 4 1);
r = rlocus{inum,den);
plotir,"-')

hold

Current plot held

plot{r,’0")

riocusinuma, dena)

v=[-6 4 -5 8] axislv]; axis{'square’ ).

grid _
title('Plot of Root Loci and Asymplotes {Problem B-6-5}')

Piot of Root Loct and Asymploies  (Problem 3-8-8)

AN %

Y | v

-l

[~

Imag Axis

"

&
N
)7
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f

(1+K)S* +(2+8K)S +/0+ /0K
s*4+2s5s + /0

/+ Gls)HE) =

The characteristic equation
(/+K)S*+ (2t6K)s +/0+ 10k =0

has two roots at

(43K, VK 168 +9
™.
If we vrite s = X & jY, that is I

/1 +3k 7;: YK+ 1k +9
1tk 7’ 14K

s—
s

X=-

K+/skt8 10 (kt/)?
] + ¢= /13K \2 _ = /0
T /T (1+k)* (7+k)?* 4
' 'Ih‘,_._.'?s indicates that the root loci are on a circle about the origin of radius
10.

B-6-7. The open-loop transfer function

kK(s+0.2)
s) =
= 2 (sr3 6)

haathezeroats--O.Zandthedoublepolesa 8 = 0 and a single

?

8 = -3,6. The asymptotes have angles of . 90°, The asymptotes meet on the

real axis at 47, --17. Thebreakawayorbreak—i n points are located at s =

0;8‘-043155; 8 = -1.6685. A MATLAB program to obtain the root locus
is shown an the next page.

plot is shown below. The resulting root-locus plot

% ***** Root-locus plot *****

.num-[() 0 1 0.2];

den=[1 3.6 0 Oj;

rlocusinum,den) ’

vi: 6 2 -4 4]; sxisiv); axis('square’)
grid

title{"Root-Locus Plot  {Problem B8-6-7)")




Rool-Locus Piol  (Problem B-8-7)

£

.1.

2

2

4-6 5 -4 -3 -2 -1 0 1 2
Real Axls

B-6-8. The open-loop transfer function
| K(s+0.5)
+st+/

8 = -1.4656; 'Iha zero is at 8 =
-0.5. A MATLAB program to plot the loc; is shown below. The resulting

root
root-locus plot is shown on the next page.

9% **+** Aoot-locus plot #+sse

num =0 0 1 0.5

den=[1 1 0 1]

rlocusinum,den)

;i: -3 3 -3 3); axis(v); axis('square")
T .

tille(*Root-Locus Plot  (Problem B-68-8)*)




Root{ocus Piot  (Problem B-6-8)

\ \
%
30 -
H
- bl
] f

B-6-9. The c.,pm-loopl transfer function
K(s+?)
_qﬁw e) s(st+¢s «/1)

m’thapolasats-O,s=-2;|-_'jJ—andthazeroata--9. The asymptotes
have angles + 90° and meet the reat axis at 0% = 2.5. The complex hranches
cross the imaginary axis at 8 = £ j 4.45. 'meangleofdeparturefrmﬂn
canplax pole in the upper half s plane ig ~16.5°.

The dominant closed-loop poleshaving the damping ratio & = 0.5 can be
located as the intersection of the root loci and lines from the origin having -
angles + 60°. The desired dominant closed-loop poles are found to be at

S ==~/ 8 :tJ 2...9}’]

The third pole is at 8 = ~1. The gain value corresponding to these dominant
closed-loop poles 18 K = 3. A MATLAB program to plot the rect-logl is shown
" below., -The resulting root-locus plot is ahommthenextpage.

% *re+s Boot-locus plot *Heee

num=(0 O 1 9J;
den=[1 4 11 QO]

rocusinum,den)

hold :

Current plot held

x = |0,-3]; y = |0,5.196]; linaix,y};

- v=[-156 & -10 10J; axis(v); axis("square’)

rid o
tile{"Root-Locus Plot of GlsiHis) = Kis+llste"2+4s+11))




Root-Locxss Plot of G{a)H(s) = K{s+S)fe{s"2+4s+11)

T =

8
) 5 ‘-"—\ L f-l.t

. ™

R |

| \ .

%6 10 R 0 \ 5

Real Axis

B-6-10. A MATLAB program to obtain a root-locus plot of the given system
is shown below. The resulting root-locus plot is ehown on the next page.

% .‘...C noot.locu. P'Ot *SED

mnm=[0 0 0 2 2
den={1 7 10 O Ok
numa={0 0 O 1);
dona = [0.6 83 6 4):
7 = ripcusinum,den};
golﬁtrp".’

Curtent piot held
plot(r.'ogb-

rlocusinuma,dena)
ve {10 10 -10 10]; axis{v). axis{"square’);

grid
1 twel Piot of Root Loci and Asympmtea {Problem 8-8-10)'1
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Piol of Rool Loci and Asymplotes  (Problem B.6-10)

- 10

ak. . . \ |
10 .-,5. — \5 %

. H:rmt-lmpli::on:l;ﬂnoriginmbeohuimdbymteﬂngﬂnfmm
ng MATLAB program corputer. The result root-locus plot near

% SeNEe Rootm p’ot E2 12l

mm=[0 O 0 2 2) .
denw (Y 7 10 O 0O

‘rfocus({num, den) '
vw{-3 3 -3 3}; axis{v); axis{'square’);

grid _
title("Root-Locus Plot near the Origin  (Problem B-8-10)°) |

Rook-Locus Plot nesr the Origia  (Problem B-8-30)

/

2 : - /

imag Axie
—
—

-1

Real Avie
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Iharmgeotxforstabilitycanbeddteminedbyuseofmmmnty
criterion. Since the closed-loop tranefer function is
CE 2k (547D
‘ RGY = S*+ 7253 405t + 2ks.+ 2K
the characteristic equation for the system is

S*+ 75+ /o5t +2Ks + 2K =0
The Routh array of coefficients bacomes as follows:

sty 0 2K
s? V4 2k |
st 202K 2K
7
’ 7 _
5 s -0
?.
5° 2K
| .For stability, we require
70 > 2K
€2 —- ¢k >0
K20

Thus, the range of K for stability is

10.55K>0

B-6-11. The characteristic equation for the systu is
S et PS+K =0

If K is set equal to 2, then the dnracberistic.equaticn bacomes
S+ 45t ps +2.=0

- The closed-loop poles are located as follows:
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-0.2887

See the following MATLAB program for finding the closed-lcop poles.

p=(1 4 8 2|
rootsip)
ﬂm =

-1.8557 + 1.8669i
-1.8667 - 1.8669i
-0.2887

program to plot the root loci is shown below. 'Itnreaultingroob—

plot is also shown below.

% LA AR D Rool_locus p'ot SEREN

num=[0 0 0 1];
den=[1 4 8 O
rfocusinum,den)
axis('square’}

grid :
title{"Root-Locus Plot of G(s) = K/lsis"2+4s+8)]'}

. Root-Locus Plol of G(s) = Kiiw(e2+48+8}

2 K,/

imag Axdy
-]

«4

1




B-6-12. The open-loop transfer function for the system is
Ly 5) =

A possible MATLAB program to plot a root-locus diagram is shown below.
resulting root-locus plot is also shown below.

mm=[0 0 0 1 1}
den=[1 4 11 14 10);
Kl =0:0.}:2; _
K2 =2:0.02:2.5;

K3 =2.5:0.5:10;

K4 = 10:1:50;

K5 = 50:5:800;

K=Kl K2 K3 K4 KS];
r = rlocus(num,den, K,
plot(r.0)

v={-8 2 -5 5); as(v)

grid : .

title(Root-Locus Plot of G(s) = K(s+1¥[(s"2+2s+2)(s"2+2s+5)])
xiabel(Real Axis)

ylabel(Imag Axis’)

~ RoskLacus Pt of Gfs) = Kie+ 1)/ s 2w 20 0 203

The

B-6-13. The open-loop transfa; function is given by

: SEFI2p0/ S+ 7 4725 5 ®




The equation for the asympﬁotes may be obtained as

_- K. | | _
S+ (23%0/+0.8667) s + ..
(s+ 3?”/;-0-/“7)’

it

6‘ (g Hq_ {5)

K
(s+43356)3

K
s?+ FooFEst+ r.i'r/.f‘-"'!' 2.32828

1l

Hame,wemterthefonowingnmtorsanddemmimtorsintheprogrm Fbr
the system,
nm=[0 0 0 1 -0.6667]
den = [1 3.3401 7.0325 0. 0]
For the asymptotes, | |
mma={0 0 0 . 1]
dema = [1 4.0068 5.3515 2.3825]

AmnABprogramtoplottherootlociandasymptotesiagivenbelow The
resulting root-iocus plot is shown on the next page. _

% L2 2 2R} Root_lm plot FERES

=[0 0 0 1t -0.86667];

den =[1 3,3401 7.0326 0 O
numa=[0 O O 1);
dena = [1 4.0068 5.3516 2 3825);
K1 = 0:1:50;

K2 = 50:5:200;
K= [K1 K2];
r = rocusinum,den,K};
a = rlocus(numa,dena,K); - _
plotir,’o’}
v=[-6 2 -4 4] axisiv); axis{'square’)
hold
Currens Plot held

plotia,’-

grid ,
title{"Root-Locus Plot '
xlabell Foal roiy) {Problem B-8-13})")
ylabel{'imag Axis')
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1 Vi
g .

. o\

| \

B-6-14. Bysubstitm--r-u-jvineo--
l—« |-,
I sts+0)
and rewriting, we obtain o
K= I(°+_)‘~')(a‘+_)w+/)l I(o~+)w)‘+o~+JaJ|

l0-‘+0- ~w *J“’(’*Z"‘)I

Thus,
K* = (ﬂ“-l- o a)") + w1+ 260
= [ote+p -] +a (1t 20 + f‘-ﬂ“")
== [0‘(0*‘-1-/) -i-w"] e
Hence

[o(a ) +wt) twt= l<z

mmtgainlociforxsl; Z;S:IO,WZOmﬂnspJ.mmshom
cn the next page.
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B-6-15. The term (s + 1) in the feedforvard transfer function and the tem
{8 + 1) in the feedback transfer function cancel each other. The reduced

characteristic equation is ‘

K(s+1) / K
/'t GEME) = ] + = /+ 0
: 6{ )= 5(5"1'251'5) s+/ / 5(-""+2$+5)=
'Ihaopen—lot:p poles of G(s)H(s) isat s =0 and 8 = —l.tjﬁ. The following
mﬂABprogramproducestheroot-locusplotshommthenextpage.

%T L2 22 X Hoot"ocu' p‘Ot L E X X F ]
numw=([f0 0 0 1]

den={1 2 6 0O}
rlocusln_urn,dan)_

Warning: Divide by 2ero
ve[-b 3 -4 4);axisiv); axis('square’)

arid
title{'Root-Locus Plot  (Problem B-815)")




Rool-.ocus Pt (Problem B-6-15)

) 7
s /
/
io
] 1
. N
-"5 -4 -3 -2 =1 1] \‘l\ . 2 3

“To £ind the closed-loop poles when the gain K is set equal to 2, we may enter .
the following MATLAB program into the computer. ' ! Y_

p=[t 2 6 2);
.rgots{p} .

0.8147 + 2.1754i
-0.8147 - 2.17641
-0.3706

Thus, the closed-locp poles are located at
® = -0.8147 + § 2.1754, & = ~0.3706

B-6-16. For the system shown in Figure 6-65(a):
A}ﬁMprogramtoplotaroob—lm diagram for the system shown in Figure -
6-65(a) is shown in MATLAB Program (a). The resulting root-locus plot is shown
in Figure (a) (see next page). D } o
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% MATLAB Program (a);

mml={0 1 -1];
denl =[1 6 8j;

K1 = (:0.01:50;

K2 = 50:0.5:1000;
K={K1 K2J;
riocus(num!,denl K)

iy |
title(Root-Locus Plot of G(s) = K(s-1)/(s"2+65+8))
xiabel(Real Axis')
' thel('lmasm')

" mmum-m—wpm

-l

B 2 g g

i

g Aole

E ot o2

&

. 2 - 3 2 R K 2
Resl Aos -

For the system shown in Figure 6-65(b):

' AmnABpmgramtoproduceamcb—locusplobofthesystems}minFigure
6-65(b) is given in MATLAB Program (b) The resulting root-locus plot is shown

on the next page.

% MATLAB Program (b):

nem2=f0 -1 1)

den2=[1 6 8);

K1 =0:0.01:50;

K2 = 50:0.5:1000;

K=Kl K2[;

rlocus(num?2,den2 K)

v=[8 8 -8 8§];axis(v); axis(square)
grid

utle('Root-Ioms Plot of G(s) = K(l-s)l(l"2+60+c)')
xlabel('Real Axis")
ylabel('[mag A:ns')
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Note that the.eqtmtions for the root loci forbothaystemsarethe-sanﬁ. _
They are given by

w[lo—1)+ wt—/5] =0
Thie equatidn is equivalmt to | '
w=0 o  (C=/) + w® =75

The first equation (4/ = 0) is the equation for the rea.l.a:d.s. The second
equation is the equation for the circle with center at (1,0) and the radius

equal to J15.

_ -Mequatimforﬂnhraakmyorbreak-inpointaiﬁobtainadfm
dK/ds = 0. For both systems, the solutions for dK/ds = O are

S=£873 , 5==-2.872

For System (a):
R =-15.746 . for s = 4.873

K = -0.254 for 8= "'2-873 .
This means that there are no break away or break-in points for System (a). The

root loci exist only on the real axis. (The root loci exist between s = -2
and s =1 and between 8 = -4 and 8 = - 00.) ‘

For System (b): S
. K=15.746 for s = 4.873

K=0.254 for s = -2.873
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Hence, 8 = -2.873 and s = 4.873 are actual break away and break-in points,
respectively. The root loci involves the circular locus where the center of
the circle is at (1,0) and the radius equal to J15. The root loci also
exist on the real axis, froms=-2tos=-4and froms=1tos =o0.

B-6-17.
' 2K —gs
- O = T e
The characteristic equation for the closed-loop syztem is
/+ Z0St/ € =0

The angle condition is
. 2K - .
/ e ™™ _ /e"‘"" — froos+/ = Lt./80°(2&+1)

003+/

L= [e7%" = [or po - jas 4
= - 4« radians
- 2920 degrees
The angle condition becomes .
' -—227.2«/ —-/.s'-f-a.ﬂf = :L/Ja’(zk-t_/)
For k = 0, the root-locus plot.can be obtai:;ed. as shown below.l




The magnitude condition states that

‘,__..i’i__ | """ =/
/foos +{ -
Since | | _
| el = le™* He-4|= e >

The magnitude condition becomes as
|ro0sts)|=2ke

"nnrootlocuscrosmtlmjvaxisatd)-OSQZT By substituting 0~ = 0,
¢ = 0.3927 into this last equation, we obtain the critical gain K, as follows:

|iwise3227)+/|= 2k e°
|7 +)39.27] =26

N

or

I_ Solving for K., we get

K. = 19.64 |

critical gain for stability 18 19.64. Hence the stability range for

gain K is ; |
19.64 >K> 0




- CHAPTER 7

B-7-1. The differential equation for this mechanical system is

bil¥e -Z,)+ k(e =) =b1 2,

Taking the Laplace transforms of both sides of this.equation, assuming gero
initial conditions and then rewriting, we obtain

_ bs
Xols) bas +4 _ &t/

Xts)  (bitha)sthk &‘;;; e+

£ w&ldefine

then the transfer function X (s)/Xi(s) becomes

A
Xl) _ _Ts+l -4 i
XeG)y — BTs+/ s+
This is a lag network, because the poleI(s = -'J./FT') is located closer to the
origin than tha zero (8 = -1/T). -

B-7-2. m-cuuplexinpednmeszlamzém
zl=Rlo 2137?;1-2;%

The transfer function between the output voltage E,(s) and the input volt.aga
Ef(s) is given by _f -

Ef) _ 22 __ ReCst)
&) Z+Z% Ry+B)Cs+/

R +2e

2eC =T, —%==p>/

Than, the tran_sfer function becx:ms
Eo5) _ Ts+| 4 [ s+
E¢(s) BTs+! B ( s4-L
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This is a lag network.

B-7-3. C} () = 3.85s+r ¢ _ 35(s+0. %)
' </ sy S$+2

The zero ( 8 = - 0.4) is located closer to the origin than the pole (s=-2).
Hence Go(s) is a lead network.

B-7-4.

6'(:) K ::i (a>e, b>o, K>2)

For this Gu(s) to be a lead network, we require

b<a
B5. G0 = S S+/
| ST s+d 8 0.025s+] -

An op-amp lead controller is shown below.

¢ _
& —i R
!! : ANNAA, . ’
R: R;
R, ﬁ_ ) e
E:6) | . E,&)

The transfer function of this op-amp clrcuit is

. E; (5) Ry Bs  Ra C';S+/ _
If we arbitrarily clwoee, Cy =C = IO/I.F and R3 = 10 kit , then

R =(or k2 A’z-r/zr/z_n.
Since R2R4/(R1R3) must be equal to 5/3, we ohbain

/(25X 0° Ry _ s
J0ox(0° X /0 X f03 &

Rp = 50 K42
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Thus, we determined Cir C2. Ry, Ry, R3, and R4 as follows:

C=lopp, Gy=1opF, R =pohlt
R;-'-—'/Z..S‘/(-O-, R;‘:/a/é-(z-;. I?g.= M&—Q

B-7-6. The fouowing MATLAB program gives a root-locus plot for the system
The plot obtained is shown below. _

% ***** Root-locus piot *****

num=([0 0 0 1]

den=[1 4 5 O
rlocus{num,den)

hold ,

Current plot held

x = [0 -2};y = {0 3.464]; lineix,y}
sxis{'square") .

grid
title{'Root-Locus Plot")

N

Nl 3'-0.3')\ /

2 N

1 KK
21
S

._2 \‘

-4 -3 -2 4 0 1 2 3 |
Real Axis

Simettndminanbcﬂosed—loop poleatnvetlndmpirq ratio & ofOS;n
mywriuthmas '

| S=xx)zx
The characteristic equation for the system is
S gst+ss+ K=0
By substituting s = x + j/3x into this equation, we obtain
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AHFXY + (24 T )+ (2 4Fx) + K =4

~FX’ ~Pxir ox + K+ 2V3 (#.r’-.-f- 2.5X)=0
ny equating the real part and imaginary part to zero, respectively, we get
e xX?—§x* s K =0 (1)
¢x*+2.5x =0 | (2)
Noting that x ¥ 0, from Equation (2), we obtain |

¢X+2.85 =0

X == 0625
By substituting x = -0.625 into Equation (1), we get
K=2x'+ px*- sx
= 8(~0.425)" + $ (~0.425) " —5(—0.625) |

= K296875

'I’o'deteminemciosed-loop poles, we may enter the following MATLAB pro-
gram into the computer. .

p=[1 4 5 4.296878];
roots{p)

-2.7600 -
-0.6250 + 1.08251 .
-0.6280 - 1.0826|

Thus, the closed-loop poles are located at s = -0.625 + j1.0825 and 8 = «2.75.

The unit-step response curve can be obtained by entering the following
MATIAB program into the computer. The resulting unit-step response curve is
shown on the next page. o

% ®**** Unit-Step Response *"***

num=[0 0 0 4.2969);
don=[1 4 5 4.2968];
stepinum,den)

{"Unit-Step Response
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/
ot
] /
02 ‘/; . _ ]
:0 1 2 3 4 -] a T . 1 [ ] 10
Time {vac)
B-?-"l. The solution to such a problem is not umique. shnl:l. presmb two
solutions to the problem in what follows. Note that fran requ:l -
stated in the problem, the dominant closed-loop poles must have & = and @)y

stated
Notice that the angle deficiency is
Angle deficiency = 180° - 120° - 100.894 = - 40.894°

Method 13 If we choose the zero of the lead compensator at 8 = -1 so that it
will cancel the plant pole at 8 = -1, ﬂmﬂnmmatorpolemthelomted
at 8 = =3, or

6.6) =k ZErl__ KTi s+ \ _ KT _s+/
or ;
S Gm=sk S
The value of K can be determined by use of the magnitude conditionm.
S+ / 70
2K . o=
l S+3 S(sS+/) Semist j2.098) /
or _ .
Sis+3)
= |—— = 2
_ K J0 Ss=l5rja.st/ o
Hence '

s+
S+2

Ge(5) = 54

The open-loop transfer function _1'3.
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Gb5) Gf5) = —Z

S(5+3)

The closed-ioop transfer function C(s)/R(s) becomes as follows:

Method 2:

LE) 2

Rs) ~ st43s+9
Referring to the figure shown below, if we bisect angle OPA and take

20.447° each side, then the locations of the zero and pole are found as follows:

Thus, Gg(s) can be given as

zero at 8 = -1.9432
pole at 8 = -4,6458

TS/ 7 S+AFER2 S+/F272
Il= = = 2, K —lla_.
Ql)=K 27 =Kk% stasest VR iy
o § |
A P18
XN 192
"\90'9‘ -jl
Aoty / Stmn |0 1 2o
1
ﬂ'?jz_

The value of K can be determined by use of the magnitude condition.

2.391 K S+/49¢32 /o =/
_ S+ g gyt S(s+/) Sm—/5+ 2. o8/ |
. 5+ /9 S(S+1
(s+4 :3’) G+) t = 0.5/37p
23.9/)(s+/8832) S mr5 45 2598/
o s+ /A9r32 0.5/%6S +/
5) =/ =2 |
G.(G) = 12288 Yy 0.5/38 0.2/ 525+ 1

Then, the open-:l.oop transfer function beccmes as

0.5/%65 4/ o »
q‘ﬁ)éﬁ") """738(9 2i525t/) s(5+))
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The closed-loop transfer function is
b)) 5738 (0.5/%6S5+/)
RG) — Sts+)(0.2/525t)) +5/38 (657 K5+/)
2.6f% 5 + 5 /38 |

0.2/582 87 +/.2/525% + 3 64%S + 5. /3%

It is interesting to compare the static velocity error constants for the
tvo systems designed above. ‘ _

For the system designed by Method 1:

Y S(s$+3)

megmmigtﬁﬂmﬂmz:
‘ = Lo ,
Ky o s (9 ?{33)

——
—

O S/ g5+ ] /0

vetses+/ s(s+7) =38

'I'hesystmdesigmdbyllettnngim_a1arge.rva1ueoftlastaticvelocity
error constant. Thismanstlmtﬂn.systandesignedby&thodzwiugiw
smaller steady-state errors in following ramp inputs than the system designed
by Method 1.

' In what follows, we compare the unit-step responses of the three systems:
the original uncompensated system, the system designed by Method 1, and the
system designed by Method 2. The MATLAB program used to obtain the unit-step
regsponse curves is given below. The resulting unit-step response curves are

9% ***** Comparison of unit-step responses for three systems ***4#

num = [0 O 10I;

den=[t 1 10;
0 9

den1 = [1 3 9];

num2 = [0 0 2.644 §£.138);

den2 = [0.2152 1.2152 3.644 5.138):

t = 0:0.02:8;

¢ = gtepinum,den,t);

c¢1 = stepinumi,deni,t);

¢2 = step(num2,den2,t};

ploﬂt.C. 'o.rttc1 0.-.!tlc20 ." I}

grid
title{"Comparison of Unit-Step Responses for Three Systems’)
xlabel(’'t Sec’)

yiabel{'Outputs") '
text{1.5,1.5,’Uncompenssated system’)
text{1.1,0.5,"Compenssted system with K = 0,
text{1.1,0.3,"Compensated system with K = 0,

5138, T1 = 0.5148, T2 = 0.2152')
3, Tt = 1, T2 = 0.3333")
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Comparison of Linkt-Step Reponees kor Thees Systems

.18

1. _.-‘F\-._-- -

1:2 /"-\ “\

N/ Yl

M IRV %
\/

B-7-8. The closed-loop t.ransfer function C(s)/R(s) is given by

C6) K(Ts+1) .
RE) = S(s+2)+KR(Ts+/)
Since the closed-loop poles are specified to be

..S'='—2:!:J2

we obtain

S(s-r-z)+l<(7'5+/)=(.s-rz-r_,z)(.ﬁ-z Jz),ﬁ//

s +(2+KT);1— K=s"+¢s4+ 8

Hence, we require _ ' : .
2+KT=#, k=8 T
vwhich resuits in ' .

B-7-9. The angle deficiency at the éloaed-]_.oo;i 'pole._a'-a- -2 + j2 J3 is
180°- 120°- 90"= - 30°
' The lead compensator must contribute 30°.

Ietusdméaﬂnzemofthele&dcamawratn--z. Then, the
pole of the compensator must be located at s = -4. Thus,

st2
The gain K is determined from the magnitude condition.
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S+ 2 S~

K S+ ¢ S(oss+/) Se~2 )T =1/
or ' _
| (S+¢) |
N s
: /0 5‘:-2+J'2E

6:[-’) = /. g:f‘

Next, we shall obtain unit-step responses of the original system and the
- compensated system. The original system has the following closed-loop trans- .
fer function:

&) ___ s
RE) ~ st42s+/0

"Ihe campensated system has the following closed-loop transfer function:
) /6
R(s) s+ as+/8

Mmit-stepresponaecumsofumorigimlsystmmdcmpensatedsystmm

Unit-siep responses of originel system and compenseled system

04

e

B-7-10. The angle deficiency is
. 180° - 135° -135° = — 90°
A lead compensator can contribute 90°, Let us choose the zero of the lead

- 108 -



compensator at 8 = -0.5. Then, the pole of the compensator must be at 8 = -3,

Gel(s) = k L& 5ta.5

S+3
The gain K can he determined from the magnitude condition.
. S+o0.8 |/
s+3 S| ey
or
5 2
K= (5+3) s = 4

Hernetheleadmmmtorbecmasutollm:.
S+J-.f"
y) =
The feedforward transfer function ie

G5) 66) = =222

Aroot—locusplotoftlnsystamisstnmhelw
Root-Locts Plot of (48+2)/(s*3+36%2)

Closad-100p Hn

IRELS

-1

X% 2 2 - " 2

Real Axe

Note that the closed-loop transfer function is

CQZ = &S+ 2
R(s) 53 4 35t 45 +2
The closed-loop poles are located at 8 = -1,:_11 and 8 = =1,

In what follows we shaugivathetmit—stepandmit—rammottm
uncompensated system and the compensated system. A MATIAB program to cbtain
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unjt-step response curves is given below. 'Iheresu],.tingcurvaamalaoshown'

% ¢*4*% Unit-step responses of uncompensated and compensated systems *#4ee

num=[0 0 1]
den=1[1 O 1:
numc = [0 O 4 2)
denc=[1 3 4 2]

t = :0.02:10;

¢1 = step{num,den,t};
¢2 = step{numc,denc,t};
plotit,c1,".’,t,c2,"-')

title(*Unit-step rasbonses of uncompensated and compensated systems’)

xlabel{'Sec’)

ylabel{'Outputs') _
text(3,0.9,'Compensated systom’}
text(3,1.5,"Uncompenssated system'}

"\

A MATIAB program to obtain unit-ramp response curves is given next. The re-
sulting response curves are shown on the next page.. o

% ***** Unit-ramp responses of uncompensated and compensated systems **4¢¢

num=[0 0 0 1);
don=[1 O 1 Of; .
nume=[0 O 0O 4 2
denc=[1 3 4 2 0);.

t = 0:0.02:15; _
c1 = step{num,den,t});
c2 = step{numc,denc,t};
plot‘t't'.u ‘tpc1 ;"...t,czg".]
gtla('Unlt—ramp responses of uncompensated and compensated systems )
xlabel{'t Sec'} . ' ‘
ylabel{'input and Outputs’) co : = _
text{4,1.5,'Compensated system"') ' {.
text(8,8,'Uncompensated system') ' :
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Unil-ramp responses of uncampenssied srwd compensaled sysliens

15

Input and
\ _

B-7-11. The origitial uncompensated system has the following closed-loop trans—

fer function: . - o o -
ck _ e
Re) = st +Ls+/6

The two Closed-1oop poles are located at 8 = -2 + j2f3. Choose a lag compen-
sator of the following form:

s+
| &) =k ';";?LI;- > (#>1)
Then, the static velocity error constant K, can be given by
| . - L
Let us choose Ko = 1. Then >t BT £
=5

Mpoleand'moottmngcmpans&ormmmcatedclmtottnoﬁgin.
let us choose T = 20. Then, the lag cowmpensator becomes

= ?fkc".'zo

s+ == St+o.rs
G-6)= :Z_ = o/
-_ 5+ 7e0 Fto
Notice that S
S+o0.08 :
Bl = 0. 7950
S+0.0/ |s= ~2+j24F 75
/su.or ) . ___../...,< 543~ /-H”J'ZE
S+0.0/ . . |
' _. ;:—ZU"G

= ~bo.628/) "+ 60./282° =—o0.498%°
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The angle contribution of this lag network is very small (-0.4999°) and the
magnitude of Go(8) is approximately unity at the desired closed-loop pole.

Hence, the designed lag compensator is satisfactory. ‘Thus

. S+, 08
cic(‘). = Sto.0/

Let us compare the unit-step response curves of the uncompensated and
compensated systems. The closed-loop transfer function of the mxoanpmsated
system is

Cé& _ g
Rls) S¥4 fs+/6

For the compensated system the closed~loop transfer function is

(@ _ H(S+oos)
RE) — (5t0.0/) S(5+8) +/6 (5+6.05)
fs+o0.8

+¢.a/.r -r-/(.aﬁ-.s + 0. 8

The closed-loop poles can be found by entering the following MATIAB program
into the computer.

p=(1 401 16.04 0.8L
roots{p}
ang =
'1 l9797 - 304528‘
-0.0506

The dominant closed-loop poles are located at 8 = -1,9797 + §3.4526. These

locations are very close to the original closed-loop poles.
MfollwingmnABprogmprodmuaplobofmit-stepremcurvas.

% ***** Comparison of Unit-Step Responses for Two Systems ***ee

num= [0 O 18];

den = [1 4 16);

numc = [0 O 16 0.8];
.denc = [1 4.01 16.04 08],
t = 0:0.02:5; _

cl = stap(num,dan,t).

c2 = stap(nun'lc,dsnc.t];
p:.?‘?t“ec‘l! .1e2,%)

tltlel Unh-Step Responses of- Uncompensated and Compensated Systems')
xiabel{'Sec’)

ylabel{'Outputs’}

text(1.5,1. 'Compensated system’)

text(1.5,0.9,'Uncompensated system')
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The unit-step response curves obtained are shown below.

Unik-Step Respomees of Uncampanested snd Compuntaied Systerns

er::"*'

| 1| o

25
B

Clearly, the unit-step response curves for the two systems are approximately
the sama. _

_ ) For the unit-ramp response, the response curves for the two systems differ,
because the original uncompensated system gives the steady-state error of 0.25,
vhile the compensated system exhibits the steady-state exrror of 0.05. " The

following MATLAB program gives the unit-ramp response curves in the time range
95 sec £ t € 100 sec. The resulting unit-ramp response curves are shown on the

next page.

% ***** Comparison. of Unit-Ramp Responses for Two System‘_ sanee

num= [0 O O 16);
den={1 4 18 0O} '
nume = [0 0 O 168 0.8];
denc = [t 4.01 16.04 0.8 O}
t = 0:0.1:100;
c1 = step{inum,den.t);
c2 = gtapinumc,denc,t};
pbtltutf.-'!tocii.'-.tt:czt."’ .
v ;’- [95 100 95 100J); exisiv}
gr
titiet Unit-Flarnp Responses of Uncompensated and Compensated Systems’)
xlabel{'Sec")
ylabel{*Input and Outputs’)
1ext(95.5,97.7,"Compensated system'}
text{97.5,96.7, "Uncompensate system’)
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%usuuswn&:umwum

.B=7-12. Since the characteristic equation of the uncompensated system is
s7+305%+ Roos + §20 =0
the uncompensated system has the closed-loop poles at

2

To increase the static velocity error constant from 4.1 to 41 sec—) without
appreciably changing the location of the dominant closed-loop poles, we need
to insert a lag compensator G.(s) whose pole and zero are located very close
to the origin. For example, we may choose - ’

Ts+/

s' F— L ————————
Feld =10 o esT __
w!:ereTmybednaentohe4.or_Tt4.- 'I‘henttnlagoampmtqrbeomas

gs+/ o S+azs
Gels) =10 gos+/ S+aczs | (1)

The angle contribution of this lag network at s = -3.60 + j4.80 is -1.77°,
which is acceptable in the present problem.

The oben—loop transfer function of the compensated system becomes
' P20 (5+40.25)
_ ) GE) =
G651 G65) S(s+0:028)(S+r0)( 5$+20)
Clearly, the velocity error constant K, for the compensated system is

Ky = Lim S Gol) G6) = ¥/ suc”!

Notice that because of the addition of the .lag compensator the compensated
system becomes of fourth order. The __characberistic equation for the compen-

' sated system is .
St*+ 30,028 57 4 200.95 s*+ 25 S+ 2058 =0

S=—3.60 £ % &o sé—zz;e
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‘The roots of this characteristic equation can be easily cobtaihed by use of MAT-
LAB as showm below.

p=[1 30.025 200.75 828 205);
roots{p)

ans =

-22.7866

-3.4868 + 4.6697i
-3.4868 - 4.6697i
-0.2649

Thus, the dominant closed-loop poles are located at

Sw=—3. P68 L] #6677
The other two closed-loop poles are located at

S=—0.26¢9 , S=~22.787

The closed-loop pole at 8 = -0.2648 almost cancels the zero of the lag compen-
sator, 8 = -0.25. Also, since the closed-loop pole at s = -22.787 is located
very farther to the left compared to the complex-conjugate closed-loop poles,
the effect of this pole on the system response is very small. Therefore, the
closed-loop poles at 8 = -3.4868 + j4.6697 are indeed the dominant closed-loop

poles.
The undamped natural frequency &, of the dominant closed-locp poles is

Wn =\[2.98887+ %4677% = 5.825 nndl f5ec

Since the original uncompensated system has the undampad natural frequency of
6 rad/sec, the campensated system has an approximately 3% smaller value, which
would ba acceptable. Hence, the lag compensator given by Equation (1) is
satisfactory. . :

B7-13. Let us choose a lag-lead compensator as given below.
S+t )/ ss L

=K 6 Z)[ T (£>1)
(""7;)6“' )‘Ti) |

The desired closed-loop poles are located at

)

| s=-2£50F
and the static velocity error constant Ky is specified as
| | Ey=50 secd |
The open-loop transfer function of t.he compensated system is
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)(:+ /0
(5‘4——42-)(54-#5 S(s+2)(5+s)

Gels) ‘3{5) =

kl"—'é.‘: Sé‘{f)@[} Ankg, 2—){5:—::4&':-'-‘:\5‘0

Kc_.=¢sv

metimaomatantTlandﬂnmueotﬂmdeteminedfmt}nraquirmu'
that _

s+ (| soxso ] )
S (s+ | =
.s'-:-.,-’.-’ .
P = 70./068&
T
Sw—2+;2V5

'IMangJ.a791066 mfrmttnfacbthattheleadportimmtmu
the angle deficiency vhich is _

Angle deficiency = 180° - 120°- 90°~ 49.1066"= - 79.1066°
See the diagram shown below. |

J‘,;l
Pricy

#9.7068

-5 -2

Byusingt.rigmmtrywaﬁndthe1ocatimsofthezaroandpoleoftlu1ad
portion of the compensator as follows:
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L |
S+77 SH+2.2(87

s+—§‘—.’- T stzaml
z :

Ti=o.8807, p=12.2172

Fort}alagportion,wmaycmoseTzslo.

o ol Then, the 1§g portion may he
ven .
s+ ’7% _ s+o./
st Ston0 5/ 84
73 '
Notice that |
5""7%_' _ S+o/
. . Steoolrdk
S P2 | s=-2¢t524F Sw-24j2dy
S+E | .
A =~ 1594
>t an -

Sm 24T

The changes caused by the lag portion are small and acceptable. Hence the
lag-lead compensator can be given by

' s+22/87 S+0.)
5] =
G l5) = 50 S+27.000) St re Y 08 8o
'The compensated systemwillhave the open-loop transfer flmct.:l.on

& 1 C S0(s5+2.2/87)(5+07) . Y
’6;[:) @ (st2z.n0r )(stevoprée) S(s+2)(s+5)

_ SV S Y5035 5 + /0. 535

SE3IE I3 ST + 200087055+ 292 D242 54+ 2.2/ 88'S
The closed-loop transfer function becomes as follows:

Ct) $P0 S* + /59, 355 + //0. 725 |
R(S)  ST4300/9354 200.05005° + 272, 7062 5 4 /744 S 4805 +/710.9%8

- 117 -



The following MATLAB program will give the unit-step response of the compen-
sated system. :

% "**%*% Unit-step response *****

num={0 0 0 500 1159.35 110.935}; '
den = [1 34,1193 200.0570 772.7462 1161.56881 110.935];

stleé)lnum,denl '
gr '
title(*Unit-Step Response of Compensated System’)

"I‘hemsu;tingmit-si;;eprespcmcu:vaissrmnbelw.

. Unit-Siep Raspones of Compensuled System
12
1 ——
3&8
08
04
0.2
“"o 2 4 ] [] 10 [T " -
Timw {ooc)

B-7-14. - The system needs at least one integrator to eliminate offset in the
step response. Therefore, the controller should include an open-loop pole at
the origin.  Suppose that we want to have the dominant closed-loop poles arcund

g = -2+ :12.[5, Then, the angle deficiency becomes as follows:
Angle deficiency = 180° - 134.29424° - 112.29253° - 120°
= ~186.58677 *

See the diagram shown to the right. o "-z+_szs'

9

- -2 | 2
72, 27253



This suggests that the controller should have two zeros near point 58 = -2,
Therefore, we choose the controller Gq(s) to have the following form:

Ks+2)?
G.(x) = _—6'L—L

(It is a PID controller.)
Let us plot a root-locus plot for this system. Note that

_ KlCst2* 0 /0K (S &S +¢)
qcé')é&)- s Sg+2 — J" +2$

The following MATLAB program will produce the root-locus plot as shown below.

* [ X X 3 R J Hoot.locu’ motl.‘...

num=[0 1 4 4]

den=[1 0 2 0}

rlocus{num,den}

vw=|[-8 2 -5 b5} axisiv); axis{'square’)

rid .
tgitle('ﬂoot-'!.ocus Plot of Geis}G(s) = 10K(s"2+4s+4)/s(s"2+2}))

Root-Locus Plot of Go(s)G(s) = 10K(s*2+4e+d\a(s"2+2)]
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By examining this root-locus plot, it may be a good choice to have the dominant
_closed-loop poles at

S‘=-—3:|:j 2.5

{of course, other points on the cireular root locus may be chosen as potential
dominant closed-loop poles.) The characteristic equation for this system is

S3r2s 0K (s‘+¢s'+¢) =0

S rokst+ (2+ #oK)s + g0k =0
By dividing this characteristic equation by the quadratic factor
(5+31;3.8)(5+3~j38)= c*+L5+23. %%

> + Sok-6

6‘+0'.S‘+23~ ¢¢j:’ F/0kS® + (2400K)S + %ok
S?p fst 4+ Z23.¢xs

(Jok—6)s* + (#0k — 2/62) s + #0K.
(10k -6) s‘+(/ak-35) s+ PIREQL-/RO4K
s+ ) o

By setting the remainder equal to zero, we require -
Wk-Z/._ftft ~gok +36 =0 o (1)

$0K — 234 4% K +/g0. 6% =0 | (2)

BEquation (1) ylelds K = 0.728 and Bquation (2) gives K = 0.723. Hence, we
may choose .

K=o, 725
Then, the controller can be written as follows:
| G.() = o725~ 221
The open-loop transfer function becomes as
0725(5+2>* _so  _ A2 s+2)t

ﬁ(r)éZfJ= 5 sie2 _ S(st+2)
The assumed closed-loop pole locations '
S= -3 t‘j.&?

will be slightly shifted. By substituting K = 0,725 into the characteristic
equation, we obt.a:l.n
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STt/o0ks + (2440k) s+ 20K = 5+ 2285743/ 5+2F =0

The roots of this characteristic equation can be obtained by use of MATIAB as
follows: _ .

p=([1 7.26 3t 29);

roots{p)

ang m=

- .3.0108 + 3.8128i
-3.0106 - 3.8128i
-1.2287 :

These roots (closed-loop poles) are shown on the root-locus plot shown earlier.

Using the designed controller, the unit-step response and unit-ramp res-
ponse can be obtained by use of MATIAB. The following MATLAB program will
produce the unit-step response curve, as shown below.. '

% L2 3 2 X Unlt.mp rasmme enas s

pumec = [0 7.25 29 29);
denc = [1 7.256 31 29
step(numc,denc)

rid : _
gﬂe('UnIt-Step Response of Compensated System  (Problem B-7-12}")

Unit-Siep Raspones of Compensaied Syslam  (Probisie §-7-12)

T — T

T {onc)

The response curve shows that the maximmm overshoot is 23% and the settling
time is 3 sec, Therefore, the system satisfies the given specifications.
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The MATLAB program shown next produces a unit-ramp respcmae curve.

% LA 2 23] Unl‘t‘r‘mp respom & d8

numl =[O0 0 7.26 29.29);
den? = [t 7.25 31 29 Q)
t = 0:0.02:3;

¢ = gtep{num?,dani,t);
plO&“tvco.'.rtott'_.)

gri _ _ ]
title("Unit-Ramp Response of Compensated System  (Problem B-7-12}")

xiabel{’t Sec') -
ylabel('Input Ramp and Output’)

The resulting unit-ramp responae curve is shown below.

Unil-Runp Responss of Compeneaied System  {(Problem 8-7-120)

3
i,
!
i,

~ Since Ky of this system is

=/ 225 (s+2)?
Ky = g_‘;-;J TS _= /% s

the steady-state error 1n the unit-ramp response is
| e/
: Css = Ky = W—’-_—_-..o.ag.f'f{ _ |
The designed controller is acceptable. (Note that infinitely many other cont-
rollers can be designed for this system. ' The present controller is just one
of many possible controllers.)

- B=1-15. Let us choose the dominant closed-loop poles -.at g§ = -2 % 125 Then, -
the angle deficiency at a closed-loop pole 8 = -2 + §2/3 becomes as follows: '

Angle deficiency = 180° - 120° - 90° - 106.1021° + 113.4132° .
= -22.6889° |
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See the following diagram for the computation of the angle deficiency.

Y
/ jobloz]"

/ /34722°

~/0.2857

-/0

From this diagram we find the zero of the compensator to be at s = -10.2857.
The compensator thus can be written as .

Gels) = K ( s+70, 2857)

The feedforward transfer function becomes

_ K(s+/0.2857) (25 +/)
F62G) = S(s+1)(s+2)

The gain K can be determined from the magnitude condition:

K(5+/0.2857)( 25 1) =/
S(s+/)(s+2) Sm 245205 -

= | sts+1)(s+2) |

'(Jflﬁ-zm)(zs-r /)l S= .2.'-)3{—'
Mevaluatimofthisxcanbemdeeasilybyuaeof}mm 'mafolloving
MATLAB program produces the value of K. _

| % ***** Determination of gain constant K ***e*
a=[1 3 2 Ok
b=1[2 21.6714 10.2857I;
g = -2+]'2'sqrtl3).
format Jon
Km abslpofyvalla.smabslpolyvallb s))
Km
0.73684318666243

Hence, the ccmpensator becames ag follows:

G- (5)=0.7268% (S + /0. z:s‘,?)
The closed-loop transfer function becomes as
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CE) _  I4P368 S 4 S\ BFLEDS + 7 SpPFs5
R6)  S*+ 207368 s34+ ,7. 89805 + ASVEI /S~

The following MATLAB program will produce the unit-step response curve.

% ***+4¢ Unit-step response 2

nume = [0 1.47368 15.89467 7.578915);
denc = {1 4.47368 17.8947 7.578915];
t = 0:0.01:5;

¢ = gtap{inumc,denc,t);

pl%t(t.cl

ar

title(* Unlt-Step Response of Compensated System (Probiem B-7-1 31‘!
xlabel{'t Sec")

ylabel('Qutput’}

The resulting m:lt-,step response curve is shown below.

Link-Biap Respones of Compenssied Bysiem  (Problem B-7-13}

EREE
*;'i//

The response curve shows the maximm overshoot of 13% and the settling time of
approximately 3 sec. Thus, the designed system satisfies the requirmta of

theprohlem

B-7-16. The first step in the design of the compensator is to choose the
desired closed-loop pole locations. Considering the open-loop poles of the
plant and the given specifications, we may choose the duninant closad-lo::p
poles to be

$'=-,?-ij4-

(0Of course, other choices can be made.) With the present choice of the domi-
nant closed-loop poles, we may choose the compensator to have a gero at & = -4
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50 that the plant pole at s = —4 can be canceled. We may also include a zero
at 8 = -1. Thus, we may choose the transfer function of the compensator to be

(s+e)(5+/7)
Gols) = K LZHELS

wherethecanpensatorpoleats=-bneedbedeteminedbaaedmtham1edeﬁ-
clency. The angle deficiency is :

Angle deficiency = 180° - 135°- 135° + 126.8699" = 36.8699°

The compensator pole must provide an angle of -36 8699° . = From the diagram
given below we find b to ba -9.3333. :

—,.o t 4 — ) -
—-93323

nm,tlncamensatorsc(s)mhagimby

(5+£)(s+7)
The cpen-locp transfer function becomas as follows:
___ _Kls+a)(s+/) K(s+/)
| F0766) = (5+7.3333)5°(5+%) 5 (5+53333) |
The value of gain K can be determined from the magnitude condition:

I K(s+7) _='/
2 :
. [ 52 (s+2. 3933) ce _H_ﬂ
K =='| s’+ %3333 8%
| s+/ Se—ptje

The value of gain K can be determined easily by use of MATIAB. See the fol-
:I.ow:l.ngmnABpmg:am o
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% ***** Datermination of gain K **o**
a=[1. 93333 0 0]

b=1[1 1);

8 = -4+j*4; -

K = abs(polyval{a,s})/absipclyvalib,s})
K= '

42.6665

Hence, the compensator becomes as follows: _
(5+8)(5+/)

S+57333 | ,
The closed-loop transfer function of the designed system becomes as

B - R MF5 S + R2.4458
R S3 P 37I3SE + $2.4445S + K2.64F5

Gels) = ¢2.46¢ 5

The 'follcwing MATLAB program producea the unit-step respomse curve, which is
shown below.

% *®*¢** Unit-step response *****

numec = [0 O 42.6665 42.66651;
denc = {1 9.3333 42.6665 42.6665];

m{num,dancl :
title{"Unit-Step Response of Compensated System IProblem B-7-141")

Unit-Biap Respones of Compansaled Syslem  {Problam §-7-15}

A I~

Time (oach
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The closed-loop poles are located at s = -4 + j4 and B = -1.3333 as seen from
the following MATLAB ocutput. o

roots{denc)
ang =
-4.0000 4+ 4.0000

-4.0000 - 4.0000i
-1.3333

The unit-step response curve shows that them:d.mmovershootisapprmdmtely
25% and the settling time is approximately 3 sec. Hence, the given speciﬂ--
mtimsaremtandtlmdesignedsystanisaccaptable

B-7-17. The closed-loop transfer function for the system is

s _ « _ £

RE) ™ 25*4s+kK,s+K = s 1tkKy s+ L
From this equation, we obtsin 2 2

| . LtKKs
W. = —§—- > 2;“’” - . 2

Since the damping ratio ¥ is spécif.ied as 0.5, we get

1+ &K,
<

I+ KK, _JE

_. N 2 Y2

The settling time is specified as
Pzt = had 1

, T Zwn T (14K /¥ 1+ KK,
Since the feedforvard transfer function G(s) is
a1 1 K 1
G& = 7 KBS T Tase kR T

the static velocitymnrmnstant&vis _
K A K

K -ﬂ’-&ua s S) =
v 4t .r-)o 254+ )+ KK, T /KK,
'Ihismuematbeequaltoorgreamthanw. Hence,

&y =
Therefore, wve have

<2
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Thus, the conditions to be satisfied can be summarized as follows:
 tkk _ [E oW
2 “V 2

. | |
ikE T2 - &)

_k '
It KK, =50 _ _ - (3)

0<(,,’< !
. From Equations. (1) and (2), we get
F< 1+KKy = \J2K

F22<K
Prom Bquation (3) we obtain |
--va? |+ KK, = 2K '
.K;':p‘éé
If ve choose K = 5000, then ve get

/+KK =2k = [P0

| K6=noa=o.o/7?
Thus, we determined a set of values of K and K;, as follows:
K=3Svoe , K =o.0788

With these values of K and Ky, all specifications are satisfied.

B-7-18.
| o6 _ K

RE) ~ s*+ KK s +K
Noting that | |

s:y KKy s+ K s(s+/+NF)(s+ /=VF) = .s"‘-rzs +4
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we obtain KRj, = 2 and K = 4.  Hence, K = 0.5.

To plot a root-locus diagram for the system with Kj = 0.5, we need to
revrite the open-loop transfer function such that it contains a multiplying
factor K. Since the characteristic equation for Ky, = 0.5 is

S'vosks+ k=0
we rewrite this equation as

K{os
/+ (955+71)

sl.

=0

and consider K(0.58 + 1)/82 as the open-loop transfer function, or

qcr) = K{’of;f'l'/)
s
Thus, the system will have an open<locp zero. (miszemisnot'aclosed-loop

zero.) A MATLAB program to cbtain the root-locus p:l.ot is shown below. The
resulting root-locus plot is alao shown below..

* ‘te4as Root_,locu. plot LA A AL

num = {0 0.5 1k

den = (10 O); _

riocus(num,den) :

ve{-5 1 -3 3];axisiv); axis{"square’)

grid -
title{"Root-Locus Plot')

\
/

A I\
T
I \ | _' /

AN

., —

2 S— _/
% 4 3 2 A 0

- Resd Axis

B-7-19. The closed-loop transfer function is

C(:) K - | N
R S[(‘*’J(:-l—z)-:-a.zk]‘*'( S+ 35 4+ 251+72K5+K
The dominant closed-loop poles may be written as

s =x /7 x
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Substitutirng §=Xx + 3 J'i'x into the characteristic equation, we obtain
(x9F2)’ + 2 (Xt 30 + 2 (X 5T +Ha2ZK X+ VT + K=0

or | |
—Px’— X +2x to2kxtK + 2(7 ) (FAT+ X + 0.tk X) =0

Byequatingﬁlierealpartandimginaryparttozero, respactively, we obtain:
~§X—~42* +2x +a.2‘1<z+/<='-a' (1)

x4+ x+ oy kx =0 . (2)

From equation (2), noting that x ¥ 0, we get

JX+/t+eoe./k =0

_ =—/0(3x +'/)
By substituting this equation into Equation (1), we obtain
Ex3+ /22430 +/p =0

ibﬁndtheroouofthiacubiceqmtion.wmymterthefmwingm
progmintotl‘ncmputerz

p=[8 12 30 10];
roots(p)

ang =
-0.5622 + 1.73641 -

“0.5822 - 1-735«
-0.37566 _

The value of x must be real. Hmce,wmxn-osvse. Thus, the dominant
closed-loop poles are located at _

S=-0.2756 :L-J o508
The value of K for the dominant cldsed—looppcnes is obtained as

K= —/0(3.r+/) |
= —/a (-3x0.37.54 +/) = /(268

mobbainﬂnmit-steprespmseofthissystm.wﬂmmuuuxs
1.268 into the closed-loop transfer function and t-.hen enter the following MAY-

I.ABprogmintothecmpubers

- 130 -



% ***** Unit-step response *****

num={0 0 0 1.268];
den=1[1 3 2.25636 1.268):
t = 0:0.05:20; :

¢ = step{num,den,t);

piotit,c)

gid .

title(’'Unit-Step Response  (Problem B-T-19)")
xlabel('t Sec"’)

ylabel{'Output c{t)")

The resulting unit-step response curve is shown below.
Unit-Step Respones  (Problem B-1719)

L N

1 . "--.._——'-T"

12

+

0 2 4 ] [ 10 12 14 16 10 20
' 1 8ec : .

B-7-20. The characteristic equation is
- 4
(s+o +/ =0
) s¥s+2)

In this case the variable  is not a miltiplying factor. Hence, we need to
rewrite the charactristic equation such that X becomes a multiplying factor.

Since the characteristic equation is
| | S+ 2524 25 4+2:6 =0

we revrite it as follows:

/ + e =0

§3+2s5*4 25
Define K = X . Then, the characteristic equation becomes
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25 _
S{s*+25+2)

A root-locus plot of this system may be cbtained by entering the following
MATIAB program into the computer. The resulting root-locus plot is shown below.

% LA L X L RDO‘[-IOOUS plot #4888

mm=[0 0 0 21

den=[1 2 2 O

K1 = 0:0.1:10; K2 = 10:0.5:200;
K=[K1 K2

r = rlocus{num,den,K);

pbﬂh.'.l i

Current piot held

X= ([0 -2];y={0 3.484]; line(x,y)
vﬂ: I-3 1 -2 2J; axis{v); axis{'square’)
g

title{’Root-Locus Plot

xlabel{'Real Axis®);

ylabel(*imag Axis'}

From the root-locus plot, the dominant closed-loop poles that correspond
to the damping ratio & of 0.5 are found to be

_ s=—a.$‘3:jp.fo'€
ﬂaevaluaof!tcorrespmdj,ngtoﬁmdminantcloagd-looppomis obtained ig

K = S‘(.S"-q-zyq-z) o | = b.S‘
2 S= -Oo"*). ‘-"(
2 - M-lm?lul
N\

15— <

/

- \

3 25 <2 485 A 0.5 0 05 1
Real Axis
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B~-7-21. The closed-loop transfer function is

(s-:-/ £ /0 (S+/0)
Ce) — S+s S(s+/)(5+10) +~/0kS
Rts) I+ (sust) /0 (5+/0)

St+5 ) S(s+I)Str0)+ /04 s

Thus, the characberistic equation is
‘/+ (3'+/.9L s0(st/o)
s+3 ) S(s+7)(s+/0)+ /0kS

Since the variable k is not a multiplying factor, we rewrite the characteristic
equation as

G+e)s (s+N( st+r2) + (St£)/oks + SHAE) 10 (51 /8) = O

vhich may be rewritten as _
/0(s+5) s .

=0
G+/0)( s’ +552 + /55 +H/D

1005+ ks L
B+ stm)(s+24)/232)(S+2~j/ 732)

/

Notice that the open-loop poles are at 8 = -2, a-—lo. and 8 = -2 + §1.732.
A root locus plot for the system may be obtained by entering the following
MATLAB program into the computer. The resulting root-locus plot is showm
cn the next page. _

% ***¢** Root-locus plot ***s*

nurn-[O 0 10 50 O
=[1 16 75 164 140].

numa-lo 0 10);

| dena =1 11 20j;

riocusinum,den)

hold

Current piot held

am= rlocus(numa.denal.

plot(a,*-")

ve{-18 B -10 10]; axisiv); axls{'squarel
x=[0 -5.5);y=[0 9.52863]; lineix,y}

title{’'Root-Locus Plot*)
text{-12,3,"Asymptote’)
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o

T-_—
S
-/

s 10 5 o 5
Real Axds

The daminant closed-~loop poles having the damping ratio ecqual to 0.5 can
be determined as the intersections of the root-locus branches and tha straight
lines from the origin having an angle of 60° or -60* with the negative real
axis. The intersections are located at g = =5.14 + j8.90. The gain value

k is obtained from . .
£ =I (:+z)(s+/_a)(:+2 +j/.73'z)(s+2-J‘{?32)

| ! 0 (s+8) s | S = —SAER 80

= 9.0 | , . |

With k = 9.08, G(s)H(s)l can be given as

L [I1A% /o(s+/0)
éﬁ}ﬁﬁ)- (5-!-)“') S(s+1)(s+/0) + $0.8S

'Iheataticvalbcityerrorcmstautkvis

Ky = f_‘;;- 5 GE)HE)

= Lo s[StiEN /0154 10) -
Sk \S5+5 )/ S[E+1)(s+r2)+50.8).

=-0.2928
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B-7-22. The closed-loop transfer function of the system is

ch) K

"R(s) s*+ (/11kk)s+ K
The characteristic equation for the system is

st+s+ KCks+/) =0
Divide this characteristic equation by §2 + s and define
: - KRlKys+7)
Gey = ==

Note that G(s) is in the form suitable for plotting the root loci.

Root-locus plots for G(s) when Ky, = 0.1, K, = 0.3, and Ky = 0.5 are ehown
in Figures (a), (b), and (c), respectively. : -

Poal-Liosws Piot of Ofo) = K. to + tlle T4y " Povh-Losus Piut of Qish = KiLe + 1s 7 + o)

T T f \
$ 1, ' A
i  § ‘ '
4 )
"&[ e r— -nji r r r R TR A S R R e s
w : ' | (o)

Anot-Loves Piot of 90 = KS.00 + 108 7+ 9

i, . : The closed-loop poles vhen
I f K = 10, Ky = 0.1; K = 10,
T ‘ﬂ\ A Kp = 0.3; K = 10, Ky = 0.5
o | | are shown by @ in Figures

(a), (®), (c), respectively.

"8 ]
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The closed-loop transfer function when K = 10 and K = 0.1 becomes as
follows: '

(6) /0
| RG) ©  Sry2s +/0
The two closed-loop poles are _
=—/tj3

The closed-loop transfer function K = 10 and Ky, = 0.3 is

c&) .t |

RGs) SElgs 440
- The closed-loop poles are located at

| . S=-21iJf |

Similarly, the closed-loop transfer function when K = 10 and Ky, = 0.5 is
cE) |

_ RG6) = Ss*r&s+/r0
The closed-loop poles are located at

s==3%j
The unit-step response curves for the above three systems are shown in the
- figure shown below.

Unik-Step Responss Curves Kr Thies Syslerms Consiclersd

14 r '
Ke 10, Kh=0.1
12} -
K= 10,Kh=03
3l -
o8 i
' s K= 10,Kh =05
08 -
o4 -
oz o . o
. 0 1 i i 1 1 1 1
) 1 2 3 4 5 s 7 [
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CHAPTER 8

The closed-loop transfer function is

B-8-1.
12
RG) — s+// _

The steady-state outputs of the system when it is subjected to the given inputs .
(a) Cos ) =0.905 e (¢+ 28 8)
(b) Cos(B) = 1. 79 coz (2t -55.3°)
(c) Castt) = 0. Fo5 a0 (4428 8°) — |79 cox (28— 5% 3°)
B-8-2. The steady-state output Cge(t) is

c,,(t-) RE ,’:77_“’ o (wt+ B T =G’ Tiw)
B8-3. |

Bode Clagram of 1) = {1 + X1 + 2}
° ot

1 S

Phaue flegl; Magniude ) -
'S &»

. .
. N 4l
N Jd
-3 -
: N
e w o 0 )
' Frodunady gudioncy



Bodw Diagram of (s} = (1 - s){1 + 2}
f A
¢ 111 NG
| TS
e . P W 20° W
Fraquency gadieech
h B-H. . .
JIJL_/<‘-’:—
py= L3l o7 T Swpe a2 “"A“ |
) = - H
L vy Y~ —
(Ti>T>0) : : -
_ % 7‘; W (log scnle)
Jln_/
— TS "'l _ 0 ' E
Cj(;) Tas+/ . L :
. ine '\: :
(> >0) B
. . . .*. -4.; @ {k}su;/e.)
| o S |
GG) = Zhsr/ 0 f -
T s+ ! ' -
. . o* [} ! "
(Ti>T2>0) -;- N\‘ -
| 180 4 -
Tk @(kgemh)
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B-8-5. The following MATLAB program produces the Bode diagram shown below.

g Ve Bode dim Ll

pm=[0 10 4 10];
dea={l 08 9 0};

bode{num, den)
tlde('Bode Diagram of G(s) = 10(s"2+0 4s+l)f[u(s"2+0 8249)]).

Bode Diagram of G{s) = 10(2+0.40+1Viets 40,8009
o
©
‘N\\Hh
2 1+
“""-.\ / \\

&0
_,.1/// \\..____
-100
10* 10" 1" 10’
Frequency {radieec)

B-8-6. Noting that

wﬂt . /
g«) +2$'@~f)"")"'”"_ (-’zr.: +Rs ).,.;

Ghw) =
we have .. _
- /
~/ +2$ +/ I £33

IGJw.)I l
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B8-7. | 66)= —S10:8
7 T g3+ st+/

The following MATLAB program produces the Bode diagram of G(s) shown below. Notice
that the phase curve starts from 0° and ends at 180°. '

% +++% Bodo Disgram +++++
nom=[0 0 1 0.5);
‘den=[1 1 0 1;
| bode(mum, den)
title(Bode Diagram of G(s)= (n+0.5)f(s"3+s"2+l)’)
Bade Diegram of Gis) = (++0.5)s%%+1)
. _
- - \
2
g T
40 I
{ .
i 200
2 180 4
100 i‘/
//
50 /p—‘/
——-—-’""’M
20" 3* 10’
Frequency fredieec)

To verify why the phase angle starts £ O°a.ndend t 180°, compute
angles /G(§0) and /G(joo). Since - =2 e ey

4(3')“ _ - Ste.s _
' (.S'M%M)(s-a.z.sz}-jo.7725)-(5-0; 2329-+J'l-7925) '

(&0G0) = [&5 ~ [/ %858 ~ [-02328~ [ 09924 ~/f-0. 2328 +)0.792¢

e gt 4 =t _OT7F26 -1 _0.7926
.-a '~ e Yo St

=ﬂ’
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00 -

and a ° “_ oy o0 - -t
' Lai8) = 90°= 20"~ BTy - 6 o

90° —o* + 90°+ 90° = /30°

B-8-8. Tybical Nyquist curves for the cases (a) and (b) are shown below.

&) T>TYo, TP >0 Im |

)

T .

(a) 72>T>b, 7I>T>o

Nyquist plots of example systems that belong to case (a) and case (b) are s}bun :
mw- I : ’ )

f - mm
o8
s
04 — ' '
u\“\im.w
§ ‘o o \""‘“-...___ , |
04 /
w / _
asf— ,/’(
C —"" : _\wnT-o.m:m 1)4-’(04»1']
4
s 4 3 2 4 ° 1
. Roat oo
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B-8-10.

<o

Re
&=0 .

&>0

The stability requirmmt of the unity feedback cnntrol"systn with

' | G,(-w) — K(/=-jw) -

is that -K be greater than -1, or
| K</

Since we assume that K > 0, the condition faor stability ih_ :

/>K >0

B-8-11. A closed-loop system with .tln'folloﬂng open-1oop transfer function

GEIHE) = sica—s (7 0)
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is tmstable, while a closed-loop system with the following open-loop transfer
- function is stable.

GOHE) = B (757 >0)

Nyquistplotsoftheaetwosystemaréshmnbelw.

In )
GV Hfs) = F?%,-Tn ( {hsf.bfe)
— X- -
' o =l 0 Ke '
GG His) = -‘L(H—:Q (qub/c) |
f
(h>7T>0)
B-812. |
Im | GH Plane
mO-
weo*t

The system is stable for 0 < K < 16.8.

| ~3jw
qga)ggw);- 'T;} —
(g9 = [omza-ssss0 -

— & — 70°
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The phase angle becomes equal to -180° at 24/ = 7 /2 rad/sec. For stability,
t?hei:;gnitude ]G(jw)H(ja})Iat &= 7' /4 must be less than unity. Hence,
not that -

|69 Hge )l =

we require that K < /4 for stability.

B-8-14. The following MATLAB program will produce the Nyquist plot shown below.

9% *# 209 Nvquist plot seans

num=[0 0 0 1)];.
‘den=1(1 08 1 0]
nvquist{num.deni
v=[4 4 -4 4}; axisiv); axis{'square')

grid
title{"Nyquist Plot of Gis)} = 1/ls{s"2+0.8s+ 1))

Nyquist Piot of G{s) = 1//s(s"240.80+1)]

o

/I

B-8-15. Note tG(s)hastmopen—lompolasint&aright—hﬂssplamu
seen from the following MATLAB cutput.

p={1 02 1 1k
‘roots(p)

0.2623 + 1.1461i
- 0.2623 - 1.1451i
-0.7246
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The foilow_ing MATLAB program produces the Nyguist plot shown below.

% Ll 4 2 1) Nyqulst plot LA 222

num={0 0 O 1]
den=[1 0.2 1 1);

nyquistinum,den)
ve 158 1.5 -‘l 6 1.5); axis{v); axls{'aquare'l

grid
_ title('Nyquist Plot of Gis) = 1/[8°3+0.2¢"2+s+1)]"

.5 Nyquist Plot of G{s} = 14s*3+0.2¢*2+e+1)}

'§°- 1 g“
A Y

sl
| _\__’_//

- r 05 0. 08 1 15
Rool Axds

From the plot notice that the critical point (-1+J0) is not encircled. Bacauu
two open-loop poles in the right-half s plane and no encirclement of

the cri point, the closed-loop systam is unstable.

ﬁ

- B-8-16. !jnfollaﬂngmmmm the Nyquist plot ehown on the next

§

* L2 X 3 X ) quulst p'ot L 322311
mm=00 1 2 1%
den=[1 02 1 1);
nyquist{rrum,den)

title("Nyquist Plot of Gis)=(8"2+28+1)/(s*3+0.25"2+8+1)")

Since G(s) has two open-loop poles in the right-half s plane (ses the solution
to Froblem: B-8-15) and the Nyquist plot encircles the critical point (-1+3j0)
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twice counterclockwise, 'the system is stable.

Nyquist Piot of G{sj={8"2+28+1{8*340.28"245+1)

i

/ \'-\\

N\
1/

L o
/\\/
| /

0.5 0 05 1 15

3s

&
LN
tn
L

B-8-17. The open-loop transfer function is

/
G) = S(s-/)

The points corresponding to s = jO+ and g = JO- on the locus of G(s) in the
G(s) plane are joo and -joe, respect{vely. On the semicircular path with -
. radius g (vhere g 1), the complex variable s can be vritten as |

S=rel®
vhere @ varies from -90° to + 90°. Then G(s) becomes
: : -} / ~j (8 1/80°)
10) = — = =
G(ee?) =~ 5 =5 e |

The value 1/ approaches infinity as £ approaches zero, and -@ varies from
-90° to -270° as a representative point s moves along the semicircle in the
8 plane. Thus the points G(j0~) = -jeo and G(jO+) = +joo are joined by a
semicircle of infinite radius in the left-half G plane. The infinftesimal
 semicircular detour around the origin ‘in the s plane mape into the ¢ plane
as a semicircle of infinite radius. Figure (a) shows the G(s) locus in the
- G plane. {Figure (a) is shown on the next page.]

Since G(s) has one pole in the right-half s plane (P = 1) and G(s) locus .
encircles the -1 + jO point once clockwise (N =1), we have S

Z=N+FP=2

ﬁlere are two zeros of 1 + G(s) in the right-half & plane. Therefore, the
system is unstable.
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ﬁyu:@f'

' B-8-18. since G(s) has no poles in the right-half s plane, the stability
of the system can be studied by checking the enclosure of the -1 + jO point
by the Nygquist locus for 0 { & <0, :
If the Nyquist plot of G(s) is as shown in Figure 8-119(a), then there
is no enclosure of the -1 + jO point. [See Figure (a) below.] Hence, the
system is stable. . o '

For the case of the Nyquist plot shown in Figure 8-119(b),-the -1+ jo
point is enclosed by the Nyquist plot of G(jwW ) for O<asr< oo . [See
Figure (b) below.] Hence, the system is unstable. :

In 4 Im A

Re.

(@ (&)

B-8-19. Consider the case where G(s) has one pole in the right-half s plane.
From the Nyquist plot of G(j«’) shown on the next page, the -1 + jO point is
encircled by the G(j&') locus once clockwise and once counterclockwise. Hence
N = 0. Since G(s) has one pole in the right-half s plane, we have P = 1.
Since - o

Z=NtP=0o4+l =|
- the system is unstable.
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Next, consider the case where G(s) has no pole in the right-half s plane,
but has one zero in the right-half s plane. The -1 + jO point is encircled
by the G(jw ) locus once clockwise and once counterclockwise. Hence, N = 0.
Since G(s) has no poles in the right-half s plane, ve have P = 0. Therefore,

Z=NtP=0+0=¢

The system is stable. (Note that the presence of a zero of G(s) in the‘righl:—. :
half s plane does not affect the stability of the system.) :

' Re.

B-8-20. py +2)
5
g6) = SCs+12(s +r0)

A MATLAB program to plot Nyquist diagrams of G(s) for K = 1, K = 10, and K = 100
is shown below. The resulting Nyquist diagrams are shown on the next page.

“.ttttwm..‘fi

mm=[1. 2],

den={] 11 10 O]
w=0.1:0.1:100; :
[re},im1,w] = nyquist(ixan,den,w);
[re2,im2,w] = nyquist(]10*num,den,w);
[re3,im3,w] = nyquist(100*nmm, den,w);
plot(re],im] re2,im? re3,im3)

v=[2 2 -2 2} axis(¥)

grid _

itle(Nyquist D 'J
xlabel(Real Axis) -

yiabel(Imag Axix')
text(0.1,-0.75, K = 1)

text(0.1,-125.K = 10)
text(-1.6,-1.25,K = 100
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Nyquist Diagrams

3
I ]
) / / Ke1
K+ 100 / 1 K= 10
48 NA -/
% EY / -1  /-o.s o 05 1 15 2
B-8-21. a 2
G& = 3(.9-!-/) (.f-f- 2)

The Nyquist diagrams for G(s) and -G(s) are symmetric about the imginary axis.
A MATLAB program for plotting the Nyquist diagrams for the two cases is shown
below. 'Iheresulting Nyquist diagrams are shown on the next page. -

% ***%* Nyquist Dingrams of G(s) and -G(s) #****

meal=[0 0 0 2
denl={1 3 2 0O

\ oen2,den)
| vait 4 4 4] aminty)

:ix‘ll(-zj,-l.s,ﬁ(s)')
m-zrl S, s.'G(’D
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Nyquist Diagrems

DN

Mn. /o

G6) = St 652+ (b JOh)S

A MATLAB program for plotting Nyquist diagrame of G(s) for k = 0.3, k = 0.5,
and k = 0.7 1s shown below. The resulting Nyquist diagrams are shown cn the

%ttttlwmw!.tt-t
mm=[0 0 0 10);

denl=[1 6 8 0} %k=03
den2=[1 6 10 0); % k=05
den3={1 6 12 0} %k=07
w=0.1:0.1:100;

{rel,im1,w] = nyquist(num,deal, w);
[re2,im2,w] = nyquist(om, dea2,w);
[re3,im3,w) = nyquist(uum;den3,w);

. | plot(rel,im1,re2,im2 re3,im3) '
v={-15 0.5 4 4j; axis(v)

grid

titlo(Nyquist Diagrams')
ylabel(Imag Axis)
text(~0.25,-1.5,% = 0.3

1ex1(-0.25,-2.5 k= 0.5)
text(-1.25,-1.5,% = 0.7)
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S

: kll'ﬁ."';"—%
. / k=05
-3
] | — : as
B4-8. - K(S%/) '.

G6)= St—0.25

A MATLAB program to plot Bode diagrams of G(s) for K = 0.2, 0.5, and 2 i=s shown
below. mereeultingaodediagramaresmmtrnmtpage.__ ,

8L s M Diw’ Lo

oamw=[0 1 1}
den=[1 0 -025];

w = logspace(-1,2,100);
bode(0.2*mm den,w)
hold

Current plot held

gtext(K = (.57 ' o
gtext(K = 2) '
gtexi(Phase corve is the same for all K valnes.”) -
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, " _Ke2
--.-.--un.“ HHH"‘-‘ . .
’ -20 B S ‘“\"-;
E K=05 -""'---- \“'N. h""‘"‘-
4 - \"h‘. B
-] ==
Km02 et [T
! =100 [
//
. : "- ..
-180 —
e
= 'ﬁﬁThhfﬂT1Knﬂ
T <200 -
KL w° ‘- .

A MATLAB program to ;ilot Nyquist diagrams of G(s) for K --0.2 .0.5 and 2 i
shown below. The resulting Nyquist diagrams areslmnmthenex;:pag; . y

% $545¢ Nyquist Diagrains ¢*+%¢-
mmn=f0 1 1);
den=[I 0 -025];
w=001:0.0120;,
[relim1,w] = nyquist(0.2%mum, dea, w);
[re2,im2,w] = tryquist(0.5*num,den, ),
fre3,im3,w] = nyquist(2*mnn, den, w);
| plot(rel im1,7e2,im2 re3,im3)
v=[9 1 3 3);axis(v)
grid
grext(K = 0.2)
gtexi(K = 0.5)
e = D ,

-o
ylabel(Tmag Axis’)
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. Nyquist Diagrens

Ku02

bt .
\ e T

! N , 7

e \\-\___'_d//

2 3 & I L) b 3 -a. -.1 - o .

ry

A root-locus diagramforthegivenets) is showm helow. 'Imm'nABpmgrm
‘thatprodmedthisroot—locusdiagramissl‘nmonthenmmge '

'1 : mmum-ﬁ-‘m
“ TN
" / \Y(rn
- f VT
o1 | i
B SN 4 -
) 7]
o /
- \\ /
<8 \\.__//
"-a. 25 2 a8 oy Y} o 0S5 1
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84 #99%% Rt T ocus Plot #**+*
| mm=[0 1 1],
den=[1 0.0000001 -0.25);
rlocus(aum, en)
- title(Root-Locus Plot of G(s) = K(s+1)(s°2-0.25))
texi(-0.06,0.166,K = 0.39)
text(-0.1,0.43, K = 0.5
text(-0.25,0.58,K = 0.7)
% To locate a point where K assumes a given valoe, we may use the
% riocfind command. For example, to locate a point where K = 0.3,

- % enter the command [K.r] = rlocfind(num,den) and select a probable
% point on & root locus.

[Ks) = docfind(@mm.den) =
Select a point in the graphics window

selected point=
-0.1594+0.1642i

K=
0.3000

I=

.1500+ 0.1658
-0.1500 0,1658i

| % At point -0.1500 + 0.1658, the K value is 0.30000.

B-8-24. The following MATLAB program produces two Nyquist plots for the input
ulinmediagramandtmmuistplol;aforﬂnhmbuzinamm:diagm.

%.’*.. quuist plot’ #4288

% ***** We shall first obtain Nyquist plots when the input is
% ul. Then we shall obtain Nyquist plots when the Input is
0%, 2 *eeee _ _

95 ***** Enter matrices A, B, C, an_dl D #eees

A=[1 -1;65 O}
B={1 11 0);
C=[1 00 1}
D=[0 0;0 O};
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% ***** To obtain Nyquist plots when the input is uT, enter
% the command 'nyquist(A,B,C,D,1) #*++* -

nyquist{A,B,C,D,1)

grid .
title('Nyquist Plots : Input = u1 (u2 = 0))
text{0.1,0.7,'Y1")

text(0.1,2.5,'Y2')

% ***** Next, we shall obtain Nyquist plots when the input is
~ % u2. Enter the command ‘nyquist(A,B,C,D,2)" **¢e* - _

nyquist{A,8,C.D,2)
title{"Nyquist Plots : Input = u2 (U1 = 0)") -

text(0.1,0.5,'Y1")
text{0.1,2.2,°Y2")

The Nyquist plots obtained by this MATLAB program are shown below.

Nyguist Flon ; gt w o b o

P

:./
iy
\i/
/ \'\

Iy Aals

43 x| Y3 ] '] 1 ¥ ] 2
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B-8-25. The following MATLAB program produces the N‘yquist plot for Y;(j«)/
Uy{iw) for w > 0. The plot obtained is shown below

% LA X2 2 quuist plot +4828

A=[1 -1;65 0];

B=[1 1;1 0}

C=[1 0;0 1];

D=[0 0;0 O);

[re,im,w] = nyquist(A,B,C,D,1);
rel = re*{1;0l;

im1 = im*[1;0};

plotirelim1) -

grid '
. title{"Nyquist Plot for Y1(jw¥U1{jw}')
xlabel('Real Axis")

ylabel('imag Axis')

Myl ot for YHMAL vl

o _____\

N

EN
I

]
-uj : < //
43

'I'oplol:theNyquistlocusf.or 0 < W < od repla.cetlnplotcmmnd
plot(rel,inl) 1n the above MATLAB program by plot(rel :I.nl.ral,-inl).

| lqﬁ‘”l“‘ =z, < @9& aw — /80°
mplnaamrginotﬁ at @ =&, reqiires that "

Vﬁ‘“’l -+/ = /

T
law) —180° = #5°— /80°
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Thus, we have

a*wi+ ] =w* , ae =/

Solving for a, we obtain

P "(F:)% Q-a. ey,

B-8-27. A Bode diagram of the system is shown below.

o
2» \ q\
- oy § :
\T\\"\
o .
! 943
E
—aﬁ-""“-ﬁ : H il
| AR
. | ot N -
T \\&
' ' wﬂh =1 ~290°

3.7

Of 02 easdé ; 2 4 & R i
& radjign

From this Bode diagram, we find the phase margin and gain margin to be 27%and
13 4B, respectively.

The phase margin, galn margin, phase crossover frequency, and gain crossover
frequency can be obtained easily with MATLAB. Use the command

[Gm, pm, wep, weg) = margin(sys)
See Problem B-8-28.

20(5+/)
s(s*+2s+/10)(5+5)

The phase margin, gain margin, phase crossover frequency, and gain crossover
frequency are obtained by use of the command _

G6) =

*

[Gm, pm, wop, wog] = margin(sys)
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‘A MATLAB program to solve this problem is given below. The Bode diagram shown
below verifies the phase margin, gain margin, phase crossover frequency, and gain
crossover frequency obtained with MATLAB. ' _

% *##** Bode Diagram *++++

E-[o 0020 20

=conv([l 2 10 OLf1 5))

= og ey 100)

we - )

Imwl)ﬁamdc() .

. : 8) = 20(s+1)/[s(s"2+25+10)(s+5)])
[Gm,pm, wop,wog] = margin(sys):

GmdB = 20*log1 0(Gm); »

[GmdB pm wep wog)

9.9293 103.6573 4.0131 0.4426

Bode Dagrem of G = 206 wis*s 204 10Y8+83
50
nh_--'-'" .
; priy
) "‘\ _
- !
: | <
; -100 : B
i o E
| '
3 _-H"'\
~100 ) \\
150
- ! EN
t ““'“l..
. 280 l P
'm?o" ﬁo;u‘ w 40731 10 : wt
B-8-29. :
' : ' K - 0,28k
N C<TORS = ~
S(s2+5+¢)  S(0.2885%4 o0.285+/)

The quadratic term in the denominator has the undamped natural frequency. of 2
rad/sec and the damping ratio of 0.25. Define the frequency corresponding to
the angle of -130° to be &;. . - .
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[GGwr) = —[jwy ~ [/-0 25+ jo 25w,

= -90* ~ Lan ' a-ZJ‘é},t = —/30°
/“"'0.25"0; s

Solving this last equation for 4/, we find & = 1.491. Thus, the phase
angle becomes equal to -130° at @ = 1,491 rad/sec. At this freguency, the
mgnitnfxda mist be wnity, or |G(j wl)l =1. .The required gain K can be deter-
mined from

0.25-k
( £e81)(~ o S¥E+ 03925 +])

IGQ‘A#W)I = 0.2890K

Setting [G(j1.491)| = 0.2890K = 1, we find
Kw 2.6
- Note that the phase crossover frequency is at ¢/ = 2 rad/sec, since

[G(;2) = = [j2 = /~ozsx2 vo2sxj2 s = =90~ 90 =-/ga" |

The magnitude [G(j2)] with K = 3.46 becomes
N 0. Fb5

| l@b"'), 2)(~7 +o0.5; +1)

Thus, the gain margin ig 1.26 dB. The Bode diagram of G(j¢o ) with K = 3.46
i= shown below. , ' -

= O, P65 = —/.264dB

20
N 1T
[ ]
8
-’..
Seu ! N d
? nr
PN
T &L sbab / & K €0 1 Weemw T
& al/sen
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B-8-30. Note that
JwWto.r /0 - 2k (toyw +1)
JOROS JWwH)  je (250 +)Gw+l)

malmllplottmnodediagramwlmm:l. That is, we plot the Bode diagram
of

/0 jw +/
JO (250 + 1) Gw+1)

The-diagram is shown below. The phase curve shows that the phase angle is -130°
~at &= 1,438 rad/sec. Since we require the phase margin to be 50° , the magni-
tude of G(1.438) must be equal to 1 or 0.dB. Since the Bode Jiagram indicates
that G(1.438) is 5.48 dB, we need to choose 2K = -5.48 6B, or '

G(ju) =

.K =0, 264

\\L
\h-_

2e ~}-

-

4

J‘?'\"“"_-- -
r R S S A Riad

ol 40X S0k &7 43 &t a6 [
& rad/3ec

Since the phase curve lies above the -180° line for. all &, the gain margin is
+ oo dB.

B-8-31. Note that |
| K _ 2K

G6) = S(st+ S+0.8) S(2st+ 25 +{)

We shall first plot a Bode diagram of G(j«) when K = 0.5. That is, we plot
‘a Bode dlagram for

/ _
Jwl2wy +2jw+1]

GGw) =
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It is shown below. By reading the magnitude and phase angle values at each
frequency point condidered, the log-magnitude versus phase curve can be plotted

as shown below the Bode diagram. By moving the curve vertically, we can shift
the curve to be tangent to the M = 2 dB locus. The vertical shift needed is 9.3
dB. That is, if we lower the curve by 9.3 dB, then it is tangent to the M = 2 dB
locus. Therefore, we set ' :

RK=~72.3 48
Solving this equation for K determines the desired value of ¥ as
K=o./2/¢
*
_ \q
2
i ™
o \D\
n ‘ \\

N N

N
-2
68 4er F o/ Ax ag /7 2 £ 4 )
& A fee
/ N

AN N

) Weeo.d
o
T = .
" ;%..rf Y
: C w-d'élc\ K= O, 27L4 o
g <SR 3 '
. =
oplttw &.7 l:

W m 0.4/

PNy . Za I

-g
-J#0° -%0° o*
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B-8-32. For this system
ATy

By setting K = 1, we draw a Nyquist diagram as shown below, Note that

ge'«""’ = -~ (2ad) = .-57.' 2w
{j]

-J' ..‘l
Yy

=3

| ]
- ~af] wez 0

Nely

L LY

L I PW =t

h-l-‘"

The Nyquist locus crosses the negative real axis at.q-= -0.442.. Hence, for
stabllity, we require
_/

o553 2K>o0

2.262>k >0

The same result can also be obtained analytim:l.y Since

Ke"J" - K(aruu-_;m w)(/-,)w)
Jw +/ NG,

909 -

'-'-‘—m-[( e o~ wmw)-f-J(Mw-l-rJMd)]
hy'settingtmimgimzypartofetjw)equutomm.mohtain

Adn W L ese ) =0

= = lan @
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Solving this equation for the smallest positive value of &), we obtain

@W=2.029
Substituting w = 2.029 into G{jw) yields
( ?029 '-"' -H_——- -. - ] |
G () 2.029) Tizongs (@7 2029 - 2029 X 4k 2.029 )
=—ggp2! K

The critical value of K for stability can be obbaimd l:y letting G(j2 029) = -1,

or _
o.4%2/ K =/

Thus, the range of gain K for s_tabilit.y is

2.2{2 >K>0

B-8-33. The magnitude of G(jw )H(jw) 18
k
GG H —_—
[59246| = S
The phase angle of G(jw)A(JW) is .
/ Glw)Hjw) = = Tes ~ o z:..:’w

The maximwm value of K for stahnityc'anhe determined fmtha fououimtw
equations:

k | - -
— e = —Tw—~ 90°—Tan" e = —/80°
_. Wwt+/ rs /‘.”
By eliminating &) from these two equations, whcanobtain‘ttnm:dmvalueof
K for stability as a function of dead time T. A graphical solution is given
in the figure shown below.
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‘'B-8-34. Polar plots of G(jw) and e~JT¥ are shown on next page. From the
plots, we see that G(jw) gives a good approximation to the transport lag

e—JTW fortlnfrequemyrangeﬁ(dd‘l‘-:zr

. Im ‘ l . |

WT=é VT e} OTes '

wi=aF, [ \'>\ //- 17 A oT=é

.

@Tas 0 WT=0 Re _ -r:;\\ WTe0 Re
wTmz | 7=l \ ' Gliw)m (v =g Tiw +/2 - Taz| ®T=! ™ erT

I'TJUJ‘-l-l'gon ' '
B-8-35.
70
)=
7 Sla/7s+7)

B-8-36. From the magnitude curve.-the transfer function for G(jw) may be ap-
proximated by
/

o.usfs +1 |
The phase curve of G A(jw) differs from the given phase curve. Therefore, we

a&pecb:tnpremofﬂntranspo:tlagamj/orminim—;ﬂmutnnﬂermim
orm

q(sJ =

R
¥

wts /=75 /4T
> 1+Ts ' -1s

Hence, we may assume G(j&)) to be

= =L e—tﬂ'( me sy

| | 0454 jw + { T, jw J\ 1-Tajw
Byuseof'acumaﬁi_:tingprocess, wﬁnd
G_/;-‘v) = e -) = m:- / o-xr_)w /o /cf-jw
| - 0-?59 Uada T0.45 jw /-a-m_;a)
Thus, the transfe.r function G(s) is

-2 S seotss /4 é-/ss |
- rx)
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CHAPTER 9

- B-9=l.
0
~10

(a) ' -3 y _ _
'\' 9o*
. — L
— 0

'_0_z-l 2 20 200

(b) =3 ' \ 0 |

\ . -#'
\ . ~40°
0.2 2. 20_- 200

:
;IL_&

. I. - 1 . ' . . . | .
Ge(s) .5(1 + 3:) _ . '
. -#’

a0/ Py’ 0 ax atos/ 2T 4 & fo
& 2ad/sec |
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e
al
o
Py
d8 T
T _‘ai"{
s
Gu(s) = 5(1 + 0.58)
»
/"”--
nrtoont ™ ¢

&l a2 WMeas/ X F €N 2 B0 )

%. Mfollowingmmprogramprodmtmnodadiagrmofmgim
Gcg . . . :

% ShAgp M dlﬂm sbkgp
finm = [30.3215 3941795 12, 8]0834],
dm=[0 1 0];
bode(para, den)
{ tile(Bode Diagram of G(s) = 30.3215(s+0.65)"2/s")
mm«m-mm@%
70
00
T~
.
” ‘\\ =
i A4~
E %0 . ///
-
} \“'m |
0
i 100
g 50 = il
d’/
0 |
AT
50 ,//
. "—-/
-100 — :
Kl 10" . 1’ 10’
Frequency (md/ec)
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B-9-4. Choose the gain crossover frequency to be approximately 0.4 rad/sec
-.andﬂn;ﬁasemrginﬁbeapprmdmtely&‘kawt?nhighfmmam :
having the slope of -20 dB/dec to cross the 0 @B line at about & = 0.35 rad/sec.
Choose the corner frequency to be 0.25 rad/sec. - Then the low-frequency asymp-
totecan.hedrawnmnodediagm Seeﬂzeaodediagramshwnhalaw

*

N, \
“ | \
dB BN
o N
-2
N
N
- e -ty
] ,..-"'/ .?E-
ay aoF 4/ 43 &F /1 2z F 67
@ mut/m '

-‘Iheactualmagnitudocummﬂnoalineatahmtwso.ﬂrad/necand
the phase margin is approximately 58°. .

SincawahavadwmthecomerfmqmtobnOZSnd/m.um
| Tz
From the Bode diagram, Ky must be chosen to be -21.4 dB, or
Ky .-.:-—2/.?- dB8 = 0,085/
Thus _
| Ke(1+ Tas) = o088 ( 1+ ;c.r)

Then, the open-loop transfer function becomes
o0rsl ( 1+ ¢s)
G&) = (

- st
The closed-loop transfer function is ,
CE) _ _ eewss (/+2s) _ gs +/
RE) S*> 0025/ (1+¢5) #.25) '+ ¢5 + /

A Bode diagram of |
chw? - gjw+ /

Rjw) ~ 1095/ (o) + 450+ 7

. is shown on the next page. Fm.thisdiagrmwseethatthehandvidthiam— .
ximately 0.5 rad/sec. , _ , S .
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-7
7

-w— N§ €\ 'Y o
| N N_*_.

aof R o/ B2 w2 4 2 4 & Jo
' w MJ/J‘ec.

. B-9-5. Let us use the following lead compensator:

L
Te+/) St 7
Gels> = Ke ot o«Ts+) Ke s+l
ar
Since Ky is specified as 4.0 sec™l, we have |
Ts+/ k |
t‘.l K o — =
_ Ky = Yy e ¥ XTe+!  SCarss +/)(5+)) Kex K _ ¢
Let us set K = 1 and define Koo¢ = K. Then "
e
K=¢

Next, plot a Bode diagram of |
| % = %
$(0/s11) s+ ofs?+//St +5 _
The following MATLAB program produces the Bode diagram shows on the next page.

% %%94* Bode diagram **%**

=0 0 0 4};

den=[01 L1 1 Of;
bode(num,den) .
tilo{Bode Disgram of G(s) = A[(0.1s+1)s+D)T) |
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 Bode Dingram of Gis) = 401w+ T)(e+1)]

100

Phase (deg); Megniads (dB)
.
/
7
'l

100
o

0

-100 -

180 (- iﬂ"““-...

200 s,

250 [ Sadny

qwgo“ 10" T 10’ 10

From this plot, the phase and gain margins are 179 and 8.7 @B, respectively.
Since the specifications call for a phase margin of 45° let us choose

‘?m = S /2 = gpt

('Ihismeansﬂmtl?’hasbemaddadtommpenaatefortheshiftinthegain
crossover frequency.) 'I'hemx:lmpl-aseleadisllo’ Since

. . =k . _
betn =T (Fa=p0) |
o is determined as 0.2174. let us choose, instead of 0.2174, o to be 0,21,
or _

o =02/

Next step is to determine the corner frequencies &= 1/T andaw = 1/(xX T) of the
lead compensator. Note that the maximum phase-lead angle occurs at the :
geametric mean of the two corner freguencies, ora/= 1/(J& T The amount of
the modification in the magnitude curve at o/ = I/(FT) due to the inclusion of

the term (Ts + 1)/(exTs + 1) is

/ ﬂotT \}b('
WO ey

Note that

!l /7 —
. NN i 2/:22:177{«"94/3
Weneedtofindtlufrsqummypointmre,wmﬂaleadmtorisaﬂded
thetotalmgnitudabems(}dn. 'I‘hemagnitudec(jw)is-smdacorm—
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ponds to = 2.81 rad/sec. Weselectthisfrequencytobetlmnewgaincross—
cverfrem;encywc Then we obtain

--T—=JENG = Jo.2/ chgf_ = /‘2‘?77

¥i @ 2:8/
4 — ——— =
o T =l T /379

S+ /2897
- Gebs) e s+4./3/
K ¢
ke = o = .2/
Gds) = £ _Stizsry 4, 0.7766 s 4/
| .2/ | S+é,/3/9 0. /63085 + /
The cpen-loop transfer function becomes as

292668 +) /
¢
0.l6308st/ S(o0.)s+/)(s+/)

It

qe(’_) GG)

HhI0EE S + #
0. 0/3/c%+0.200%5 + /. 263/ 6" +$

—
A

The closed-loop transfer function is
€6 3./06% 5+ ¢
RS) 00763/ 5* +0.2798 5% + /.24 3/ S + & JosES T

mmmprogrmprmsmemit-steprespmmuMmﬂm
MPWE

% S4488 Um_'t'p resmma L2227 ]

numec={0 0 O 3.1084 4);
denc = [0.016831 O, 2794 1.2631 4.1064 4].
{numec,denc) _

title{"Unit-Step Response of Compensated System  (Problem B-9-6)") |
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Unik-Siep Responss of Compensaied System  {Problem §-9-85)

,j //’\\\

b/

L

g/

AL/

.,ﬂ/“ I

Similarly, the following MATLAB program produces the unit-ramp response curve
as shown below.

% (X 2 3 23 Unit_ramp mpme LI 22X ]

numec= [0 0 O O 3.1084 4]:

denc = [0.01631 0.2794 1.2831 4.1064 4 0];
t = 0:0.01:5;

¢ = step{nume, denc,t};

plt;}lt.c.t.tl

- _
thtle(' Unlt-Ran"bp Response of Compensated System -~ {Problem B-9-5)")

xlabel{’'t Sec’
yiabel{'Unit-Ramp Input and Systerm OQutput’)

d
45
§u fam
' L7
!' //
B A
2, A
gu par
. e
. pd
Vv
as
)
a 08 1 18 2 25 3 35 .4 A% &
180
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B-9-6. To satisfy the requirements, try a lead compensator Go(s) of the fomm '

TSt _ g s+

«Ts+/

qc(:) =k¢-°<
s+—;,%:

Define K

G()=KG(s) = S0

vhere K = Ko/.  Since the static velocity error constant K., is given as 50
sec—l, we have .

K, = Lidn s - YA T4/ K e kmoy
v sro Geb) G 53%5' d LTs+/ S(s+1) K=s2

We shall now plot a Bode diagram of
K14
Gk = S(s+{()

The following MATLAB program produces the Bode diagram shown below.

% **¢** Bode diagram **+*e+
num={0 0 50j;
den=[1 1 0;
w = logspace(-1,2,100);
bode(mm,den, w);
title(Bode Diagram of G1(s) = S0/[s(s+1)])
Bode Disgram of G1(w) = 504sfe+1)]
100
80 o= ——
g || ———
. ] - B
\\\MH
80 Buy
P
! -mT\ —
180} \\“--..
'm?o"_ | 10* : 10 1w
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From this plot, the phase margin is found to be 7.8%. The gain margin is + oo
- dB. Since the specifications call for a phase margin of 50°. the additional
phase lead angle necessary to satisfy the phase margin requirement is 42.2°.
We may assume the maximm phase lead required to be 48°. This means that 5.8°
- has been added to compensate for the shift in the gain crossover frequency.

Since :

. /=
Mﬁ. = 7-f‘—“_

#iy = 48° corresponds to & = 0.14735. ' (Note that o = 0.15 corresponds to gy =
47.657%.) Whether we choose g, = 48° or ¢, = 47.657° does not make much diffe-
rence in the final solution. Hence, we choose & = 0.15.

- The next step is to determine the corner frequencies w= 1/T and w= 1/(XT)
of the lead compensator. Note that the maximum phase-lead angle #, occurs at
the gecmetric mean of the two corner frequencies, or /= 1/(WT). The amount

modification in the magnitude curve at w = 1/({&T) due to the inclusion

of the
of the term (Ts + 1)/(x Ts + 1) is

IO T _ /+_)'J';-L' 1
| 14j T o le rjugE| W
Note that o
/ /-
Vo S TaE 25020 = 8,237 4B

We need to find the frequency point where, when the lead compensator is added,

the total magnitude becomes 0 dB. The frequency at vhich the magnitude of
G1(jw) is equal to -8.239 dB occurs between w= 10 and 100 rad/sec. From the

Bode diagram we find the frequency point where |Gy(j&)| = -8.239 dB occurs at
&)= 11.4 rad/sec. Noting that this frequency corresponds to 1/(/&T), or

- Yoo T
we obtain

I—.,é-:s @l = W% \Jo.750 = % f/52

| _ e _ /%
2T = VR Jours _2?';‘3?-7'

The lead compensator thug determined is

chf)-—-kc —_E'-:kc- .Sf'%.ﬁ/fz
_.$'+“T St 20 w2r?7

vhere K. is determined as
| K SY_ . __feoe

Ke= 5= =m =3

m’s; ) .
/000  St+ggrse 0:2265 s+ /

3 S+2p829%7 003337 5+ /

Ge=
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The following MATLAE program produces the Bode diagram of the lead compensator
just designed, as shown below. _

8L *5kee Bode diw Ll ]

mm] = [11.325 50};
deal = [0.03397 1};

w=logspace(-1,3,100);

bode(num],denl, w);

titleCBode Diagram of Go(s) = so(o_zzssmy(o 033978+1)])

Bode Diagram of Gofs) » S0{0. 2205+ 1)40.03307e+1)]

0,

=

%0 s

- -~
g HLS

25 Eaf
i ]
§ o '
] = e

40 /4’ \\

3 4+ \ _

20 ' £

. g

ol e N |

. .—--"""-'—' HH“"""J

: g="J 1 -

10" 1w 10" w 10

'Ihe open—ioop transfer function of the designed system is
| — Lag_o_  SHE RS2 /
%t5) '%') ( S+28¢387/) S(stl)

The following HM'IAB program produces the Bode diagram of Gc(s)G(s). vhich 13
slwunon the next page.

‘% **%%¢ Bode diagram *ees+

nam=[0 0 1000 44152}
| den=(3 913041 883041 0};

title(Bode Diagrau of Ge(s)G(s) = 1000(s+4.4152)/[3(s+29.4347)a(s+1)])
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Bode Diegram of Go(s)G(s) = 1000(e+4.41S2)/3s+20.4347)ete+ 11

100

Phwse deg); Magnliude (d8)
8 &
fi
}

100 -
pl
M — | .
.
180 -
ay
I
200l J
10 1’ 10" 10 _ 1w

From this diagram, it is claarly seen that the phase margin is amm:dnhly
52°, the gain margin is +o0dB, and K, = 50 sec~l; all specifications are met.

Thus, the designed system is satisfactory
Next, washallobtaintheunit-stepandmﬂt—rainprespmsesofttnoriginﬂ-

uncompensated system and the compensated system. 'meorig:lnallmmmpmsated
system has the following closed-loop transfer function: _

c6) _ /
- RG) St s+ 7/
The cloaed-—loop transfer function of the campensated system is
c®» _ 1000 (3 + pgrs2)
RE) 3(s+20. 83 47)S(54]) +/000 (S+ £ 2/52D

/0005 + 478 2.
357+ 530 ¢/ s* +/08F. 30K/ S+ RH/S2

The _cloeed-loop'poles of the compensated system are as follows:

3= “11-1772 "-j7¢5636
8 = -8.0804
memnABprograngivmatﬂntopotnacbpagepmdumsthemit—stepm-

ponsesofthemmpensatedandmnpmsaﬂedsym The resulting response
curvesaresl'mmthenextpage
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% **4%* Unit-step response *****

num = [0 O 1];
den=[1 1 1); .

nume = [0 O 1000 4418.2);

denc = [3 91.3041 1088.3041 4415.2];
t = 0:0.01:8;

c1 = step{num,den,t);

¢2 = step(nume,denc,t};

plot{t,c1,t,c2]

- title{'Unit-Stap Responses of Uncompensated and Compenaated Systems')
xlabel{'t Sec"

ylabel{'Qutputs*)

text(1,1.25,'Compensated system']

| text(2,0.5, Uncompensated system')

-MMMpmgrngimbelwproduthmit-ramprespmmof'them
pensated system and compensated system. The response curves obtained are
slmonthezmetpaga ' _ .

% ***** Unjt-Ramp Response **+*

num={0 0 0 1}
den=[1 1 1 O

numc = [0 O O 1000 4415.2);

denc = [3 91.3041 1088.3041 4415.2 0);

t = 0:0.01:8;

c¢1 = step{num,den,t);

c2 = step{numc,denc,t);

plot{t,c1,1,62,t.t)

title{'Unit-Ramp Responses of Uncompensated and Compensated S\rstems I
xlabel{'t Sec’}
_ ylabei{’Unit-Ramp Input and Outputs'l

text(1,5 'COmpensated system’)

text{4.1 5, Uncomipensated system’)
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Unk-Ramp Resporsas of Uncompensated snd Compenseied Systems

5-9-7. Since the plant does not have an integrator, it is necessary to add
anintegratorinthecompensator I.etuachoosathaccnpensatortobe

q;.'(‘) = “—"" éc(‘) s»o Gc(’) ,

' Hhereac(a) is tobedetemimd later. Since the static valoc:lty'errorm-
. tant is specified as 4 sec~l, we have .

Ko = b sG0) H2L = L s—éxs)i#i=a.zk-4
Thus, K= 40, Hence ) ' A.
_ . qc(:) =.i_0§‘_(9 |
Next, weplotaBode diagranod!
Gt 44(5'+0-/)
G&r= S(s*+/)

The following D-IATLABprogranproduces aBodediagramofG(s) See the Bode
diagramshownmthenexl:page ' o

“ FEPR M Diﬂam apeeR

mm=[0 0 40 4];

den =i 0.000000001 1 0};
bodo(mmm,den)

title(Bode Diagram of 40(s+0.1)/[s(s"2+1)])
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Bode Disgram of 40(e+0. 1Mie(s+ 1)

100

Phase (deg); Magniude (4B)
g8 o

1w - 10t . w 1’ ; 10'

_Weneedthe;hasemarginofso‘andgainmrginofmdsorm ' Ietuschoose
Go(s) to be | | |
éc,Cf)- as+ { (are)

Then Gq(s) will cmtribm;eupto 90'phase lead in the high frequency regicn.

By simple MATIAB trials, we find that a = 0.1526 gives the phase margin of 50°
and gain margin of + e0 dB. See the MATLAB program shown below and the resulting

Bodediagrms!mmtlnnexbpage From this Bode diagram we see that the static =

velocity error constant is 4 phase margin is 50° and gain margin is +oe0 dB.
Therefore, the designed system aatisfies all the requirements.

%“‘“BodeDiagmm v

| oom = conv(j40 4),[0.1526 1]);
den={1 0.00000000% 1 0};
sys = tf{zsmm, den);
‘w=logspace(-2,2,100);
bode(sys,w)

[Gm,pm,wep,weg] = margin(sys);
GmdB = 20*log10(Gm); .
[GmdB.pm.m.wxl

s - .
Inf sooozs NaN 80114
| ude('BodeDnmofG(s) 40(s+0.10. 1szs.+1y[.(r~z+1)n
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" Bode Diagram of Gis) = 40s+0.1)(0.1528w+ e 1}

100

: B
8D -
= =T . el \

&
i
f

]
0 e T .
-100 ) i
-150 i
~200

10 1w ' 1w’ T . 1w
‘I'.he designed compensator has the following transfer function:

o o
Gele) = 2.8 () = H0L0: 05265 41)

The open-loop transfer function of the designed system is

G0 (0./5265 +1) sto.l
S s+ {

810%™+ 4o. 6log s + ﬁ-
.sc‘s )

Open-loop transfer functiom =

Weslmunextdmkthemit-stepmspmsemtmmt-nnprespmofﬂndesigmd
system. The closed-loop transfer function is ‘ -

CE) E./104S%+ ¢O.8/085 + 4
Ris) ~ s T 6./0%5s + ¥ blogst ¥
The closed—loop poles are 1ocated at

S= =3 0032+f 84573

S=—3.0032—j5 6573
S=—p.0975~
The following MATLAB program (shown on the next page) will pmduce the unit-step

curve of the designed system. 'The resulting unit-step response curve is shown
on the next page. Notice that the closed-loop pole at s = -0.0975 and the plant

zero at 8 = -Olproducealaxgtailofmllmlitude
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9‘I L1t ] Unit_m Resm L2 0]

mum=f0 6.104 40.5104 4];
“|den=[1 6.104 416104 4]
t=0:0,01:10; _

step(num,den.f)
S
| Step Resporms
14
12 {f\\
v S S S—
1 \-/ﬁ =
on
\
o4
02
oo 1 2 3 4 ] ] T [ 0

Time fonc)

' The following MATLAB program. produces the unit-ramp response curve of the
designed system. The resulting response curve is showm cn the next page.

% *94%% Uit Ramp Response e

mm~[0 0 6.104 406104 4];
den=[1 6.104 41.6104 4 0];
t=0:0.01:20; _

¢ = step(tum, dea,t);
plot(t,e,- ' 4t,-)

text(3,14,Toput Ramp Function) -
text(13,10, _
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Nyquist plot: Define the open-loop tmnsfei: function as 6(s). Then
s+e./ /o4 S v 4o, 6/045 + &
G6) = G.6) —s— = T .
| s*+7/ S(s*+/) |
Let us choose a modifued Nyquist path in the s plane as shown in Figure (a) below.
The modified path encloses three open-loop poles (8 = 0, 8 = j1, 8 = -j1). Then

The Nyquist path becomes as shown in Figure (b) below. In the 8; plane, the
open-loop transfer function has three poles in the right-hals s; plane.

Let us choose (0o = 0.01. Simeszsl'—o'o,wahave

. Ja) | . s P{dﬂc. ' : Jﬁ) Jr 3; }’[M‘—-

X
! - -
o o
X . .
»
Y A P
%
(a) . (b)
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G6)= G (s, —0.07)
Open-1oop transfer function in the s, plane
Lto % (S ~0.02 5, 4 0.000/) +M-£/a4(.s';-p.a/)+ ¢.

a—
| —

(-7: -ﬁ.a/) (5', —0.02 5, ¢+ /, 000 /)
£./04 57" + 40. ¢85 32 5, + 3.59 4 S0 5%

S22 —0,03 S + ) o003s, —0.0/000/

A MATLAB program to obt-.ain the Nyquist plot is shown below. The resulting Nyquist
plot is shown below. _ o

6 HEvg NyqllistHot ahg

mum=[0 6.104 40.48832 3.5945064);
den=[1 -0.03 1.0003 -0.010001);

nyquist(uum,den) - -
v-[-1500 1500 -2500 2500] axis(v)

Nyquist Diagras.

ﬁreﬂfquiatplobobbaimdhem'ismteasytodetemineﬂwmimlmfntotthe
-1 + jO point by the Nyquist locus. Therefore, we need to redrawv this st
plot qualitatively to show the details near the -1 + jO point. -Such a

-Nyquistdiagmisslmmtremlage
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From this diagram we find that the -1 + jO point is encircled. counterclockwise

three times. Hence, N = -3. Since the open-loop transfer function has three

~ poles in the right-half s; plane, we have P = 3. Then, ve have 2 =N+ P = 0,
This means that there are no closed-loop poles in the right-half slplm The

system is therefore stable.

B-9-8, The plant transfer function is
: 25 +0./
@)= -

g S(s*+o./5 + %)

The plant involves a quadratic term with ¢ = 0.025. - 'I‘hishe:uisquibeouci-.
llatory. MATIAB program shown below produces the Bode diagramofe(l) :
sl'mmt.henextpage

%WMMW

mm=f0 0 2 01)

dex=[1 01 4 0O}

w = logspace(-3,2,100);

bode(oum, den,w);

mm«fﬁ@} -MJW h+4)]')

The closed-loop trains_fer fmmtim of the original mmpmsated system is
| 06). _ 25+0./
RG) s’+o./s=+s.r4-az
The closed-loop poles of the tmconpmsated gystem are
8= -0.0417 + j2.4489
8 = -0.0417 - j2.4489
s = -0.0167 ‘
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Bode Diegram of G{s) = (20+0.1Mets>+0.19+4)]

Phase (deg); Magnieds (08)
'8
E

150 . l-'

™ T S 1' 10" '

_ Fraquency (radbec)

. ‘The unit-step response of this original, uncompensated system is obtained by
entering the following MATLAB program into the computer. The resulting unit-
step response curve is shown below.

% **¥** Unit-step responge *****

nuom=[0 0 2 0.1);
den=1{1 01 6 0.1}
step{num,den)

grid . }
title{'Unit-Step Response of Uncompensated System’)
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To design a compensator forsuchasystem it isdesirabletocamelthe
zero of the plant, since it is located very close to the origin. It is some-
times useful to incilude double zero and double pole in the compensator. So,
wemaychoosethecmlpensabortobe

/T e (st) 2:4-4.:
uherewahavechomthedoublezeroata=-2anddoub1epo19ats=—10.

The value of a is determined later. Since the static velocity error constant |
is specified as 4 secl, we have ' . '

K =,&m: G+2)t sta ai+é./ |
v 4:“) é(f) ;é-r S‘k' (s-f-/o)‘ 2540 S(S‘“-l-o./;fk) K

Hence, .

By several MATLAB trials we ﬁhd a = 4 will give a satisfactory result. There-
fore, we choose a = 4 and Ko = 100.  Then, the transfer function of the com-

pensator becomes

%é‘.’)'#/w (s+2)* s+p

(s+1m0)* 2s5+o.!
The open-loop transfer function becomes as follows:

(00 (s+2)3(s+%)
(s+/0)* S ( S*ro./s+5)

20 52+ Sop s*+ 20p0s +/b00
St 20./st+ /08sP tPost+ #0S

The following mn.anprogramprodtmanodediagrmofsc(s)ets). . The result-
mmdediagranhahunonthemtpage :

G.(9G(s) =

% **++% Bode diagram *e++*

- | mon=[0 0 100 800 2000 1600];

‘den=[1 20.1 106 90 400 O}

w = logspace(-1,2,100); :

bode(num,den,w);

title(Bode Dmm of 100(u+2)"2(l+4)f[(a+10)“2:(s"2-l-0 1s+)])

From this Bode diagram, it is seen that K, = 4 sec™l, phase margia is approxi-
. mately 50" and gain margin is +20.4B. So, all the requirements are met.



Bode Diagram of 100(+ 2 (s+H)Aia+10)2s(%+0.13+4)

~— A
\""-.
0 1]
\
E .‘\"'\.H\ .
3 a ..
i o
I . il
«100
VL
150 e
20 _
1w’ : 10 10! 1w’
The closed-logp transfer function of the compensated gystem becomes as follows:
< 70057 4 Bog s* + 2000 s + fb00

REY ~ S%+20/S% + 20653+ 8905 + 2%005 + /600
The closed-loop poles of the compensated system can be found as follows.

denc = [1 20.1 206 890 2400 1600);
| roots{denc)

-7.3481 + 7.2145i
-7.3481 - 7.2145i
-2,2424 + 3.3761i
-2.2424+- 3.37611
-0.9189 '

'MfoﬂaﬂithABpmgmproducesﬂmmit—steprespmseofﬂndesigrﬂ
m. B .

9% ***** Unit-step response *** e

numc = [0 O 100 800 2000 1600};.
denc = {1 20.1 206 830 2400 1600);

stﬂe:(numc.denc} _
Htle(*Unit-Step Response of Compensated System (Problem 8-9-8)")
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The unit-step response curve is shown below.

Uni-Elep Respones of Compansated System  (Problers B-0-8)

o o6 ft 18 2 26 3 35 4 43 &
Time (oec)

The following MATLAB program will produce the unit-ramp response of the com-
- pensated system. '

% ¢4¢%* Unit-ramp response ***

numc=[0 O O 100 800 2000 1600i;"

denc = [1 20.1 206 890 2400 1600 O);

t = 0:0.02:10; '

‘¢ = step{numc,denc,t);

ittt Unit-Aarnp e f Co d System  (Proble
e{'Unit-Ramp Response of Compensate stem blem B-9-8)'

xlabel{'t (Sec)') Pe Y "

ylabel{’'Qutput and Input Ramp")

text{5,3,'Compensgated system’)

The unit-ramp response curve is shown below.
| Uni-Famg Roapones of Compansated Syshem (Probiem 8.64)
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It is noted that there are infinitely many possible compensators for this
system. A few possible compensators are shown below.

(s+1)?
s+28)(25t+0./)

G.(5) = 4po

(s+1)?*
(St20)(25t0./)

G (s) = 320

G.() = tb0 —StE St/
| St3e S+0./7233

=/272. 12 S+ 28/
%) = 1212 S+pm32

B-9-9, Ietmaasmtmtﬂnmwsc(s)mmfmwmgfms

%(-f)-kc:(:_""”x?"’*_’_) = c- (’*j)(’*a’;;,) "
| (-?Lsﬂ)(ﬁ?;s-u) (5‘1- T )(;.,..?-7-:- .

Since Ky is specified as 20 sec-l, we have

"y Y, _ | |
~ é'p': * % S(s+1)(s+8) ,("'.S'e =20
Hence . .
| K. = /00
Define
G,6) = (00 G(s) = 7
w 9 G¢ S(s+1)(s+5)

The following MATLAB program produces the Bode diagram of G;(s) as showm on the

% ***e% Bode diagram *eees

| mm=[0 0 0 100};
den=[1 6 5 O
w-W'zssolw); ]
bode(num, den,w); , '
title(Bode Diagram of G1(s) = 100/[s(s+1)Xs+S)])




Bode Diagram of G1(s) » 1004s{a+1)a+5% .

80 = —i~
- .'""‘"--...___ )
L]
-GD_ o ¥
: E <100 ~t ] H
50 "
200
g )
! 20
-100fF -
- THL
1501 b <
200 ass
250 o
- 1
300 —
“10* w0 o 1’ 1 10’
' Fraquency gmdieec)

Frwthisdiagramwaﬁndtlnphasecmaswﬁrfmmmcytohe &= 2.25 xad/
sec, Letuaclnoaethegaincrossavarfrequmwyofﬂndesigmdsyetutobe
225rad/secsothat.tlnphaseleadang1erequiredatw=225rad/ucis$0°

Once we choose the gain crossover frequency to be 2.25 rad/sec, we can
determine the corner frequencies of the phase lag portion of the lag-lead
compensator. Let us choose the corner frequency 1/T; to be cne decade below
the new gain crossover frequency, or 1/T; = 0,225, Fbrﬂnleadportionof
tlmoanpensator,mﬁrstdeteminetlnvameofﬂthatprwidesdn-ss.(s'
added to 60°) Since

wtom

waﬁndﬂ 2000rrespondat0647912. Since we need ¢5° phase margin, we
maychooaep = 20. :

p=20

Ttm,t}noomerfrequemyl/(sz)ofﬂnphaaelagportimbamasfoum:

-/ _ o228
Hence, the phase lag portion of the compensator becomes as

= 0,0/

Sto.225 _ L Lgwses +/
- S+o0.0//25 8L 85875 +/
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For the phase lead portion, we first note that
G,(jz.28) = (0,35 4B

If the lag-~lead compensator contributes -10.35 dB at &/ = 2.25 rad/sec, then the
new gain crossover frequency will be as desired. The intersections of the
line with slope +20 dB/dec [passing through the point (2.25, -10.35 @B)] and the
0 4B line and -26.0206 dB. - 1ine determine the cormer frequencies. Such
intersections are found as ¢ = 0.3704 and & = 7.4077 rad/sec, respectively.
Thus, the phase lead portion becomes

S+0.37%2¢% _ 4 [ 2.6798 s+
S+p %027 | 20 \ O./3505+)

Hence the compensator can be written as

$eURZES + / (2.57?3:1-/
- = /00
Gel) =/ (gg..m»ys-r/) 0:/350S + |

[ s+o.2z6 S+0. 3704
oo (Epzins ) en
Stoey2s S 78027
Then the open-loop transfer function Go(=)G({s) becomes as follows:

ARLERS+/, \[ 2. E598s+1\ /
Guls) G6) = /aa( Fessmr e ) At Eer T

/799. 90 SE+ V% 25 + /00
125%+ 16/,02395% + 8955 18324 s'+ #s-/.//rr_s'-»» $s

MfollcwingmnABprogramproducasﬂnBodadiagmof theopm—looptnm—
fer functiom.

% 9% Bode diagram ***%*

mm=f0 0 0 119990 71442 100];
den=[12 161.0239 595.1434 451 1195 5 0);

w = jogspace(-3,3,100);

The resulting Bode diagi‘an is showm on the next page.
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Bode Dingvam of Compensaiad System

100

e T [T
: I J’ﬂ’\ }'
§ B
i Sl Sl S dul B
f s T T I T T
- et ,{{ i ,ﬂ
ol LI i i
10°? w 10! KT & 10’ 10! 1w

Frequency (reddec)

To read the phase margin and gain margin precisely, we need to expand the dia-
gram between w = 1 and & = 10 rad/sec. This can be done easily by modifying
the preceding MATLAB program. ([Simply change the command w = logspace (-3,3,
100) to w = logspace(0,1,100).] The resulting Bode diagram ie shown below.

Bode Disgram of Compensaied Syslem

o\

ﬁ.\_\_\

2

Phese (dogh; Magriuce 48)
£ &
/

100 T

\ B
150 o
" -y
o —
200 [
. 10. . ‘ . . . . w‘
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From this dlagram we find that the phase margin is approximately 60 and gain
margin is 14,35 dB. The static velocity error constant is 20 sec—l,

The closed-loop transfer function of the designed system is

€] //99.90 8% + p/E. %25 + /00
RG) /285 + /87 d""+'-5‘7.¢'./.r’-+ /5 s E+ ’7/?4'-5‘*/00

The follawing M‘A'HAB program produces the unit-step response.  The resulting
unit-step respmaa curve is shown below.

% ***** Unit-step response *** ¢+

nunc = [0 O O 1199.80 714.42 100]);
denc = [12 161 595.1 1681 719.4 100];

stﬁﬂnumc (denc)
Qr
Ititle( Unit-Step Response of Compensatad System')

Unil-Biap Rasporme of Compenseied Rysiem

nncloaed-loOppoleacanhaobtaimdbyenteringthefonowi MATLAB program
intothecauputer ™

roots{denc)

.. hns -

9.7022 '
-1.6110 + 3.0494i
-1.6110 - 3.0494i

-0.2483 + 0.1076i
-0.2463 - 0.10761
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Notice that there are two zeros (s = -0.225 and 8 = -0.4939) near the closed-
loop poles at 8 = -0.2463 # j0.1076. Such a pole-zero combination generates
a long tail with small amplitude in the unit-step response.

| The following MATLAB program will produce the unit-ramp response as shown - |
below.

9% ***** Unit-ramp response *****

nume={0 O 0 O 1199.90 714.42 100];
denc = [12 161 5956.1- 1651 719.4 100 O]
t = 0:0.05:20;

c =™ step[numc denc,t);

plOt{trcc - .ltvtrl ‘l

grid

title{' Unit-narnp Responu of Compensated System’)
xlabel('t Sec’)

ylabel{'Output and Ramp Input'}
text{11,7,'Output’); text(1,7,'Ramp Input'}

mmuwm

Ouliput arwd Ramp Snput
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CHAPTER 10

B-10-1. Referring to Equation (3-76), we have
Ry (B C, + Re Co)
A, 7 Cz

Ky = =3f%2

= RiC,+ Ry = 3077

Taz —Ril®ela  _ 4 pe0n
’ RIC,"' ﬂte..

First, notice that

(g, c,)+0?,__¢') =3.077
(Ric,))(Rec,) = 07692 X 3097 = 2.3468

Hence we obtain
. A’;C, ’:/-.’\3::/ I;(" ""'/09.3:.5\
Since we have six unknown variables and three equations, we can choose three

variables arbitrarily. So we choose C) = C; = 10 4F and one remaining varia-
ble later. Then we get '

R, =R, =/53.85 kL2

From the equation far Ky, we have
f, R(c' +R&C"

=37 #2
RJ K, Cx ' 9

Ko sp42xt =197/
K2

We now choose arbitrarily R3 = 10 kfl. Then, Rg = 197.1 kfl. The PID cont-
roller obtained is shown beiow. : : |

153.85 k0

10 uF B
»a ow] e
o ko

153.85 k0 / Lo )_
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- B=10-2. For the reference input, the closed-loop transfer, function is

<) _ 2K (As+1)(bs+1)(s +2)
RE)  S(stp)(st00) + 2K Cas+1)(bs+7)(5+2)

Noticethatthenmratorisapoly:miu1nsofdegree3mdthede:m1nator
is also a polynomial in s of degree 3. In such a case, it is advisable %o

reduce the degree of numerator polynomial by one by chocsing a = 0. Then the
closed-loop transfer function becomes ‘ o

) _ 2K (bs+1)(5+2)

R S(5+1)(s+10) + 2K (b5 S t+2)

IatuschooaethevalueofbtobeOSEOthatthezeroofthecmtroneris
located at s = -2, 'l‘hen, the controller transfer function G(s) becomes

K(ess+7) _ 2.5k (s+2)
| Gul) = RLEEIE o 2K
Then |
) _ K(s+2)?

RE) ~ S(s+1)s+r0) + k (s4+2)%
The cldsed—loop transfer function for the disturbance input becomes as

Gofs) 25 (5+2)
D(s> = SGt)(stre) + K(s+2)

Mrequiremmtmumrespmtothestepdisturbmmmpubisﬂntt}g

should attenuate rapidly. Let us interpret this requirement to be the settling.
time of 2 sec. By a simple MATLAB trial-and-error approach on the value of K,

we find that K = 20 gives the settling time to be 2 sec. So we choose K = 20.
Wity K = 20, the closed-loop transfer function Cp(s)/D(s) for the disturbance input
O _ 25t ¢s

>6 s +3/s24 G082+ 50

The following MATLAB program produces the response to the unit-step disturbance
input. The resulting response curve is shown on the next page. ,

% teee® Unit-step response tDlsturbance inputl thoes

numd = = [0 2 1] F
dend = [t 31 90 80];
ltr?gtnurnd.duﬂl _

g .
-} title{*Unit-Step Response {Disturbance Input)’)
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Uni-Siep Respores (Diskybance pul)

N -

om "
o \T‘

00 ‘ 4
o o5 1 12 zmzh: CT I T

This response curve corresponds to the settling time of 2 sec. This may not
be obviocus. Therefore, we plot the response to the unit-ramp disturbance _
input. The following MATLAB is used to obtain the unit-ramp response.

9 essse Unlt-famp response {Disturbance input) ****+

numdd = [0 O 2 4 0}
dondd = {1 31 90 80 O
step{numdd,dendd}

grid '
title('Unit-Ramp Rasponse {Disturbance Input)*)

The reéulting response curve is shown below.

Unit-Rurnp Responss (Dishabancs inpul)

%swtsmansnam
: Time (00}

‘Ihesettlingtimacanbesemtobeapprmd.mtgly2m.
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For the reference input, the closed-loop transfer function with .K = 20 is

Ccs) _ 205+ Sos+ 80
RGs) =~ s? + 3/s2+4 905 + 50

mmmprogmbelwpmducasmemit-stepresponsecumformemfe—
rence input, as shown below.

_ % ***** Unit-step response {Reference input) ***+*

numr = [0 20 80 80j;
denr = [1 31 SO 80];
.steplnunv.denr]

grid
title{ Unkt-Step Response (Reference Input)’)

Unit-Siap Respores (Raference input)

T

oo

04

02

o .

(] [T 1 t5 : 25 3
Timw {ovch

Fronthiaplot,useettatttnse’ttlimt forthérefmir@ti.Zm.
The closed-loop poles for the system are shown in the MATLAB output shown below.

roois{denr)
ang =
-27.8742

-1.6629 + 0.6637)
-~1.66289 - 0.65371'

The designed | controller is

_ - 20(ess5+7) _ /0(s5+2)
éc(’.)— s - s
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B-10-3. The closed-;oop transfer function of the system shown in Figure 10-

'~ 58 (a) is

2 & (1+75:+705) G0

R T ' (1)
g /+KP(/+7—‘__% +7;s>q,(;)_

The closed-loop transfer function of the system shown in Figure 10-58 (b) can
be obtained as follows: Define the input to the block Gp(s) as U(s). Then,

V) = ke (14725) R + - [ RO = C) — K (14 T25)CE)

Also, we have

Ct) = G,6) V15

' _Hence

~ from vhich we obtain

e __ ke (1t 75 +T5) G2
R6) vk, (14 ;_f;-f_—?}s) ()

This last equation 13 the same as Equation (1). Thus, the two systems are
equivalent. _ _

B-10-4. We shall first cbtain the closad-ioop transfer function C(s)/R{s) of
the I-PD controlled system. In the absence of the disturbance D(s), the
minor loop has the following transfer functior: :

- (&) - : 39 2 - :
ves) S(s+1)(stS5) + 39.%2( 1+0,76825)
where U(s) is the input to the minor loop. The open—:loop transfer function
G(s) of the systen is

i) = [ 37, #2
7 B A 6775 S(St/)(s+5) + 3042 (/+0.74925)

/2. 8772,
SFty 653+ 35, 32/9 s*+ 35, %25
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The closed-loop transfer function is
c6) 72, 8//72
Ris) = P+ 65+ 35.32/95%+ 30,425 +12.8//2
The resulting

The following MATLAB program produces the unit-step response.
response curve is shown below. _

% ****% Unit-step responge ****¢

num=[0 0 0 0 12.8112];
den =[1 6 35.3219 39.42 12.8112);

t = 0:0.05:30;
steplinum,den,t)

‘grid .
title{’"Unit-Step Response of I-PD contralled System’)

1/

Ncbice that the respomse is slow bat shows no overalnot The cloaed-loop
poles are shown in the following MATLAB ocutput.

rootsiden)
ans =.

-2.3614 + 4.8215i
--2.3514 - 4.8215}
-0.8486 + 0.1568i
-0.6486 - 0.1568i

Since the dominant closed-loop poles are located very close to the jW axis,
trnrespcmsespaedisvuyslwoumamdwiththatofunclom-loopsystm .
shown in Figure 10-59 (a).
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B-10-5. For the PID controlled system shown in Figure 10-59(a), the closed-
Ioop transfer function between the output and the disturbance input is

CG) _ s - L
DE) — sU(s+/)(stS) + 3. %2(St o 25040749258 -

| S
Sty 652 +3832/7 S+ 38 425 +/2.8/12

For the I-PD controlled system shown in Figure 10-59(b), the closed-loop
transfer function between the output and the disturbance input can be obtaimd

as follows:
< s
De) T SESHI)(S+5) + 35, 42 (5+0.3280+0.26925%)

Strasi+a5.32/9s + 25425 +72.8//2

Since the two closed-loop transfer functions are identical, we get the same
unit-step response curves for the two systems. The following MATLAB program .
produces the response to the unit-step disturbance input. The resulting
response curve is shown below. - _ '

|

% ***%* |nit-step response *** e

num=[0 0 0 1 Q) ' _
don = [1 6 36.3219 39.42 12.8112};

st?glnum.denl
gr '
| titie(’Response to Unit-Step Disturbance Input’)

I;.Ol' /-\\

(A

a0 \

Q.02 \

ferb——

o

ln.ll: \\_2__ |
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The closed-loop transfer function C(s)/R(s) of the system of Figure 10—59(a)
is obtained as follows: [We assume that D(s) = 0.] :

Cc)_ _ 3%m¢2z (/+ 555+ "”9'7’725) (St ) (5+5)
B / /
RE)  /+39.42 (/-f-_sw”x -ra-%’?z:) ST

30. 32755 + 3P.425 + /2.8//2 .
3“* 534 38.32/86 S 1+ 39.925 + 2.8/ 2

The closed-loop transfer function C(s)/R(s) of the system of Figure 10—59(b) is
obtained as follows: {[We assume that D(s) = 0.] .

3892 | /
(k) _ _S(s+/)st+S) +29.42( /1+0.769258) 3.097S
REG) )+ 39 %2 /
S(st/)(s+5) t 37 ¢#2 (/-w 76925) Ze77s
/2. 872

$*4 5.5*-‘-&-.::- 22/24 s*+ 30 925 +/2.8//2

Note that the characteristic equatim (denominator) for both systems are the
same, but the numerators are different. .

B-10-6. For the reference 1nput, the cloaed-loop'tfansfer 'fmzctﬁicn-ic
e _ GA5) Gaf)
RE) 1+ GA5)G.0HE)
For the disturbance input, : '
) Ga6)
(s !+ Gils) G,y (s) H5)
For the noise input, ' _
ca) G 6) Gafs ) HE)

M)~ It G,E)G)HE)

Notice that the characbe.ristic equaticns for the three closed-locp transfcr
functions are the same; _

AT GAS) G () HG) = =0

. 'That is, the characteristic equation for this systam is the same regardiess of -
wvhich input signal is chosen as input
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B-10-7. The closed-loop transfer function C(s)/R(s) for the reference input

is
G162 G -
(242 - /t6: §3 Ha _ G, G2 G5
R(s) /+ G162G3 H) B / |
/'f"f-?sqj/'/a. t GGy Hat GG Gall _

The closed-loop transfer function C(s)/D(g) for the disturbance input is ob-
tained as follows:  Noting that the feedforward transfer function is G3(s)
and the feedback transfer function is (-G1(8)H;(8) - Hy(8)]G2(8), and that
the closed-loop system is a positive-feedback system, we have

Cls) - G4 :
P6) /= G3 [-G,4) —H:]6:

Gs
It Gr GGy ) + GGy ta

B-10-8. For the system shown in Figure 10-62 (b), the closed-loop transfer
function for the disturbance input is

@) _ _—kKWHE)
S T kaG(s) H(s)

To minimize the effect of disturbances, the adjust.able gain K should be chosen
as small as possible. 'Ihus,tlnanmrtotluqmstim is "no".

5-10-9. ‘ Yis) _ 6:’/ Gp
(a) = :
Rﬁ) 118 Gca 9’
Ys) - Gp
Dfs) I+ Gt Ges Gp
Y{S’) = = Fet Gea @v
NGB 1+ 6 Go c,f;,
Hence

Gpr = GerGpa

2
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If Gyg is given, then is fixed but Gyp is not fixed because Ggy is indepen-
-dent of . Thus, two clesed-loop transfer functions among three closed-loop -
transfer mc:tio::egﬂ, Gyqr and Gyy are independent. Hence, the system is a
two-degrees—of-£ om gystem. _

(®) YO _ G Gee 6y
RE)  /+4ce G,
V&) Gp

Pe) I+ Ge G,

Y6) =G G
N(3) [+ Geq 5,

Gyr = ey Ger Gy

yn ==
| Gp
If Gy is given, then Gy, is fixed but Gy, is not fixed because GG,z is in-
depehdent of Gyq. Thus, two closed-loop transfer functions among three closed-

loop transfar functions Gyr, Gyg. and Gyn are independent. Hence, the system
is a two-degrees-of-freedom system. '

@ X&) _ _ G Gp
R(s) [+ Gc2Gp
Y& .
w- —_— Gos Gp

NB) If'Gcz_ 6,

_' Gya’__ = fﬂ C?,.{

= GG
Gogn = —1—=£ %

if is given, then is fixed. is not fixed because G is indepen-
denct;ygf Gyqg- ‘Thus, tgjemsyaten is a tsgr-degrees-of-freadm system.
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. 5—10—10. Define the input signal to box Go3 as A(s). Then, for D(s} = 0 and
. N(8) = 0, we have :

AE) = Geog R(S)+ Goy [RD~ Y] = G)Ges AlS)
Ye S Ge3 G, G, AlS)
Eliminatihg A(s) from the above two equations, we get
Yts) = Ges 6,6, (Ger *Gﬂ) RG) =~ Ger YE)
1t Gers G,

(146G + @q_@a G16:)YE) = Ges 6,64 (Gor tGer) RE)

YO _ _ (GettGer) Ge3 6, Gs . (1)
R(S ) /f:@;, ?f + Qc/- §C3 6!_ gz |

"To f£ind Y(8)/D(s), we may proceed as follows. For R(s) = 0 and N(s) = 0, we have
A6) = Ge [- V6] = 6, T PO + Ges A9)
YO) = G, 6. [ D) + G A])

c—— e Ge V() =G D)
: - ) =06,6 [P(ﬂ + Gy =2 T ]
Y6 = 90 | P T 1666,

Simplifying, we have

(1+Ges G, + Ge) Ges 6,62 ) Y6) = G, G2 DE)

Y65) _ G G, | (2)
_. PB) 1+ Ge3 )1 Ge) Ger G152
Next, we shall £ind Y(s)/N(s). For R(s) = O and D(s) = O, we have

CAG) = = Gy [Y6)+ N9 = 6oy G, AB)
Y(,) = Ges G, Gz Als)

Therefore,

— @ Y& - 6:/ /Uﬁ')
I+ Ges G |

Y(’) =Ges 6,5,
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(l + ﬁc, g, + 4:&_6:3 Q,Gg) Y(’ = - c7'_¢, Ges Gi G2 /V[’)-

. Hence,

Y - ~Gc; Gos G, Ga ) | t3)
NG 1+Ges 8yt Gey Ges G, G .

From Equations (1), (2), and (3), we get
4}» = - Gw Ges 6_74'
Gyr = Gyn + Gea Gez God

If Gyq is given, Gy is independent of Gyq because Gg Gy is independent of
Gy« Gy,_-is indepmdmtofcydand%becausesczeais 1ndq:endentocl.‘6ﬂ
and Gyq. Hence, all three closed-loop transfer functions Gyr+ Gya, and Gy
are independent. Hence, the system is a thrm—degrees-of—freedm sysban

B-10-11. The open-loop transfer function of the system is

K(sta)? L2
GE) =
7€) s (0:.35¢/ )(s1/) (1.2 st+()

/:2Ks* 42, ¢kas + /.2ka2
A 3E5E +/.s¢r.s’+ 2.5524+ =

—
—

Hence, the closed-loop transfer fmctim is.
CE) [26S% + 2. 4 kAS + L2 Kat |
RE) ~ 0.365%¢ 1.8 + (2.5 1.2K) s+ (/+2.2£KA)S+ /.2Kkad

'merequirenmtmthisproblemisthattmmoverslmtinthemit—step
response is that

Mp< ol , My>e.02

whereupisthemx:lmoverslmt intermsoftheoutpiltytotlleﬁnit-stép_
i.nput.
m< st/ ,  m> /02
wvhere .
| m = max (y)
A possible MATIAB program to obtain a set of the values of K and. a that satisfies

themquirmtisgivenonthemtpagu 'I'l'neresultingtmit—stepmpmn
wxveias}malaomthenextpage .
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% ***** Search of K and a Values for 0.02<Mp<0,10 *+++¢

t=0:0.01:8;
for K = 4:-0.05:1;
for & = 4:-0.05:0.4;
mm=[0 0 12°K 24°K*a 12°K*a"2});
den=[036 1.86 25+1.2°K 142 A'K*a 127K*x2);
y = step(nam,den.t);
‘m = max(y);
#fm<1.1'&m>1.02
break;
end
end
fm<l]&m>1.02
break;

' and
plot(t.y)

uﬂe(Um-StapRupouse')

xlabel('t Soc)

ylabel(Output))

KK =

m=- ()
m(s1os4'x-'),m(se,os4m
exi(5.1,0.46, 's =), texi(5.6,0.46,20)

sol=[K a m]
’.d- N

" 40000 0.7000 1.0846

4 Unk-Step Resporms
1.2
|/ \\_
0s
Kn &4
a= 07
04
02
oﬂ ' 1 2 3 4 3 8 7
t8er




The selected set of K and a is
The maximm overshoot is 8.46 %. :

B—iO—lL The féedforward transfer function is
/.2 Kk (s+a)*

s} =
G6) S(ac3$+|/)($'+/)(/-25 +7)
The closed-loop transfer function is

L6 (2852 + 2, % kasS + /.2 kKa?
RE) ~ 0.3835%+7.865%+ (2.54/.2K)s%+ (/+z $Ka)s+ s.2kat
The requirements in this problem are
/03 <M< £28 , U< 25ec
vhere m = maximum output. The search region is
‘ 2LKs¢, o8 <£A L3

_ The step size is 0.05 for both K and a. A MATLAB program to obtain the first
set of K and a that satisfies the requirements is shown below.

% 4*9%+ Search of K and a Values for 0.03 < Mp < 0.08 and ts < 2 sec #3+**

t=0:0.01:8;
for K = 4:-0.05:2;
fuu-3-005'0.5
om={0 0 12K 24°K*a 12'K*s"2);
den={036 186 2.5+12%- 1424%K* IJ‘KW],
y = step(mum,den,t);
m = max(y);
3= 801; whilay(a)>098&y(s)<102
s=s]; end; _
-(s—l)‘OOl
 Hm<108&m>1.03&1m<20.
break;
end
ed :
fm<]108&m>103&t8<20
break
end
end

:%(t,y)
| xiabei('t sec’)
ylabek(Output’)
solation=[K a m ts]
solution =
26000 0.8500 1.0774 1.8400
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The first set of K and a that satisfies the requirements is K = 2.6 and a = 0.85.
The maximum overshoot My, and settling time tg are 7.74 % and 1.84 sec, respectively.

The response curve with K = 2.6 and a = 0.85 is shown below.

. Unit-Glap Rawpones
14
12—
/—
1 / —
0.8 / -
o8
1
02 /
% 1 2 3 4 s 8 7 !
teac

Next, we shall obtain all possible sets of K and a that satisfy ‘the require— -
ments. The following MATLAB program produces the desired result. '

% ¢02%% Search of all possible Sets. of KnleahauﬁI003<Mp<008
% Indtl<23ec‘“'“ :

t-0:0.01:8;
k=0
fori=1:41;
K() = 4.05 - i*0.05;
forj = 1:51;
-a(j) = 3.05 - j#0.05;
mm=[0 0 1.2°K(0) 2.4°KG)*a) -1.2*K@)*aG)*s(D]:
den=[0.36 1.86 2.5+12*K() 1424°%(*'aG) 12°K()*eG) a0
y-mp(nmht),
m = max(y);
s =801; whiloy(s)>098&y(|)<102.
4=g1; end;
ts w (s-1)%0.01;
fm<1.08&m>1.03 &ts<2.0
k=k+l;
table(k,)) = [K@i) af) m ts];
od .

end
o |
table(k,} = K@) aj) m ts]
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2.0000 0.5000 09552 8.0000 -
20500 03500 1.0348 1.9400
2.1000 0.8500 1.0388 1.9400
2.1500- 0.8500 1.0428 1.9400
22000 0.8500 1.0468 1.9300
22500 0.8500 1.0507 19200
23000 08500 10546 19100
23500 0.8500 1.0585 1.9000

2 4500 0.8500 1.0662 1.8800
25000 0.8500 1.0700 1.8600
2.5500 0.8500 1.0737 1.8500
- 26000 03500 1.0774 1.3400

K = sortiable(13,1)
T

2.6000
2= soritable(13,2)
.-

0.8500

m-[o 0 1.2*1 24'K*a IJ*KW],
den=[0.36 1.86 2.5+12*K 1+24'K*a 1.2'1:‘:'\2],
y = step(sum, dea,t); '
plot(t)

pid

bold
Crrrent plot held
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K = sorttable(2,1)
KB
2.0500
_.-somnble(z,Z) .
= |
0.8500
mm=[0 0 12°%K 14'K%a 12K*s2);
don=[0.36 186 2.5+1.2°K 1+24*K*a 12°K*2"2)
¥ = step(anm,den.t);
plot(t.y)
titlo("Unit-Step Response Carves')
xlabel(t sec) : ,
ylabel(Outputs’)

oa8(22,1.1,K = 2.6, a = 0.85Y)
€x1(2.2,0.9,K = 2.05, 2 = 0.85)

- There are 12 sets of the values of K and a that satisfy the requirements. a1
sets produces similar response curves. The best choice of the set depends on
the system objective. If a small maximum overshoot is desired, then K = 2.05

- and a = 0.85 will be the best choice. If the shorter settling time is more
important than a small maximum overshoot, then K = 2.6 and a = 0.85 will be the
best choice. The unit-step response curves for the two cases are shown below.

[
ul A
N

i

i
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B-10-13.

3(s+5) _
_ . 6'7,(:) T S(SHID(S*+ 45 1+/3) |
The closed-loop transfer functions Y(s}/D(s) and Y(s)/R(s) are given by
Yo) _ G G |

Dé) /'f'@c;(-“)é’(‘) - /It Gey 6, _
Y5) [6:6) + Gez) ] 5p55) = (Ges + Gez) Gp
R&) - 7+ G, 5) @f(-‘) /Gy 5,
Assume that Ggj(s) is a PID controller with a filter and has the following form:
P S+AYr SE+¢s5+ /3
- Ge/6) = k(s = (sts)(s5t27)
The characteristic equation for the system is

o K(s-ra}z S+es+/3 . 3(s+5)
/+ =
qu’ [+ S (sts)(st27) s s—t-_/)fs‘+¢s_+/3)
‘__/_{_ 3k (s+a)? .' |
TL s*(s+)(st2)

With a trial-and-error search of K and a with MATLAB, we find a possible set of
Kandaaafollm:l. ' _ )

K=ﬁ ’ A= /.4 |
With this chosen set of K and a, the controller Ggy(s) ‘becomes as follows:
SE(s+L8)2  S+¢st/3

_ 6;1(:)_.: | s (;+_5\)(5+27) |
_ S8 S +/b2.¢5 +//3.68  SPtest/3
T S Gts)(s+27)

The closed-loop transfer function Y(s)/D(s) is obtained as

| | F(s+5D
Y&) - C TSestI) (st es+73)
DG) ' IXSE (s+L#)2
/+
s*(s+7)(st27)

353+ st + s s |
(s2+435+/3)(s%+28s°+20/s*+ 48725 + 3%/.04) |
The response curve when D(s) is a unit-step disturbance is shown in the next page.

Next, we consider the response to reference inputs. The closed-loop transfer .

- function Y(s)/R(s} is
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Yé') - (e + G2 ) Gp
Rﬁ? .' _ /T 6676,
Define Gey(s) + Gg(s) = Go(s).  Then

- Yb) = & (N 6 Gy
REY " DE) T T i, Gy
353+ 965 + 4058
6" SRS +/3
S¥+288 20152+ 457, 25+ 3¢/ 0%

| %
= (Gu t6Gex) i

- To satisfy the requirements on the responses to the ramp reference 1nput.arid
‘acceleration reference input, we use the zero-placement approach. That is, we
choose the numerator of Y{s)/R(s) to be the sum of the last three terms of the

~ denominator, or - :

35t . 6’5:1' 3“; . :

fram vhich we get

(201574 457.25 + 38/.0%D (52t 25 4 13)
G.6) = -

Z(s*+325*+/355) |
875+ /62. %5 1/73.68 ST4+¢s+/3
s (st8)(s127)
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The closed-loop transfer function Y(s)/R(s) now becomes
0] _ _ 201 S* 4 48025 + 3¢/.0%
RE) ~  s¥+42853+20/s + 487.2 5 +34/.0%

The responsecurves to the unit-step reference input, mit#-ranp reference input,
and unit-acceleration reference input are shown below and on the next page.

.4 - Peponue 1o Unk-Step Reference put

A

[\




Notice that them:dmmwera}mt in the unit-step response is appmximwy 25 %
and the settling time is approximately 1.2%5 sec. The steady-state errors in the -
ramp response and acceleration response are zero. Therefore, tl-n designed wntanller_

Ge(8) is satisfactory.
Finally, ve determine Gcz(s). Noting that

Gr2(5) = Gels) ~ G 5)

where .
G.(5) = 87 st +/62. 45 +//8.68 S*rgs+/3
: s (51S)(s+ 27)
=nd | — “.’.2 + /2.5 4+//3.68 S;+¢.S'-f-/3 .
G 6) = -
o o - - (518D (s+27)
e G ()= 9s Stgstss
% (5+5)(st27)
'_'Iheblockdiagramofthedesignedsystanisshwnmthemtpage Note that
sttt g+ 3 '
(St5)(s+27)

is a filter and is a. part of the controller.
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YG)

- Rb) st S*ps +/3

GGre)(s+2y)

B-10-14. _ 2(st/)
G = SCs+3)(s+5)

The closed-loop transfer functions Y(8)/D(s) and Y(s)/R(s) are given by"

Yo _ Gp&) - Gr .
“nd D& 1460 [40B)+ G )] 14 (8 +40)G,
Yis) _ Gy (5) Gpls) . Gy Gp

Re) *Guls) [r.sc, 5) F Geals)] 14( G, +Ge2 ) G,
Let us define Gy + Gep = Go-  Then -

YE) _ S
D) T 116, Sp

Let us assume that G.(s) is a PID controller and has the fbilawing form:
' K (s +a)*
. s) =
| Gote) = K5
The characteristic equation for the system is
. K¢sta)? 2(s+1/1)
= SCS+H3)(s+8)

/1"4‘('7’ = /+

In what follows, we shall use the root-locus approach to deterimine the values
of K and a.. After trial-and-error analysis with MATLAB, we choose the dominant
closed-loop poles to be at s = -4 & j0.2.

The angle deficimcy at. the desired cloaed-loop pole at 8 = -4 + j0.2 1s
obtined as follows:

—192.1376 /7. /376" - /t: {?ﬂ/’ — W 3089 +/f7f 255 +/80°
= /8. 0F93° ,
(Note that the poles are at 8 = 0, 8 = 0, 5 = -3, 5 = -5 and the gero is at & = -1.)

' The double zero at 8 = -a must contribute 178.0893 *. (Each zero must contribute
89.04465°%.) By a sinple calculation, we find.

A= 40033
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The controller Go(s) is then determined as

K(s+ 4.0033)*
G.6) = < 2

" The constant K must be determined by use of the magnitude condition. This condition

is
: | {66‘6)'6/") !5:--.4#1;)‘.42 =/
Since :
K(s+40033)" 20s+/) =/
Bl 5(-"*3)(5‘*._5‘) =-,i.+ja.:.
we obtain |
2(s+3)(st+s) | |
K=|—= z - = £9.3333
[(s+rpe3307 2(54/) R 7 :

_ 67.2233 (5+ %0033)
Gob) = = =

Then the closed-loop transfer function Y(s)/D{(s) can be obtained as

2¢s+/)
ye? _ G _ S(5137(5t8)
PE) It Ge &y /¢ £23333 (5+#0033)" 2(54/)
| | s S(5+3) (515)
25t +2s ‘

| S+ /06 4666 SP+1263. /96 .57+ 3332. 57595 +2222.3279
The response curve when D(s) is a unit-step disturbance is shown below.

Laxe muuﬂ&pmm

12
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Next, we consider the responses to reference inputs. The closed-loop
transfer function Y(s)/R(s) is ' , _

Y e . Y
RE) |/t (8t er)%p “/

| (2s2+2s) Gy
St /8h 6665047263 9/ 465+ 3332, snys*-r 22:2.3279

"

To satisfy the requirements on the responses to the ramp referenoe input and
acceleration reference input, we use the zero-placement approach. That is, we
dnosethemmeratoron(s)/R(s)tohetlnmmofthelasbthreetemofthe

denominator, or
(25*+25)6Ge, = 1263- 9146 st+3332.57 £9 s 2222, 3279 .

frm vhich we get '
4’3/. 23 5%+ IJM. 288284 117/ /640

Gy = . SCES/)
~ Hence, the closed—loop transfe’: function Y(s)/R(s) becomes as ‘ .
YE) 1283.9/44 s* 4 3332.5789 5 + 2222, 3279

RED ~ SH/96, 60653 + 1263, 9194 5>+ 3332, 789 S +2222.3279

The response curves to the unit-step reference input, unit-ramp reference input,
and unit-acceleration reference input are shown below and on the mext page.

14 mﬁmmm ]
12|
\l
N
|
i.
'.4'
02
.°o T 2 s 4 8 s 7 s
|-
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e _ Rasponss fo Uni-Ramp Refersnce Input

L
T

8

b

0.5+
.00 on 1 15 2 25 3 as 4
taec
_7 ] ]
5. b -
It
|
1_4 - 4

Unit-Acosleralion

o
-

The maximmn overshoot in the unit-step response is approximately 19 % and the

. settling time is approximately 1.3 sec (2% criterion) or 1.0 sec (5% criterion).
mguadymteerminﬂnrmreapameandmlmtimrwmm. .
Therefore, the designed controller Gn(s) is satisfactory :
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Finally, we determine Gcz(s). Noting that
Gz 5) = B:6) ~ Gy ()

where
| £9.3333 (S+ ¢.0033)*
G.(5) = 5 .
29573351 Jlcs. 2880 5 + /7. 7€ 40
- s(s+/)
we have

67,2233 S* = 75s
s+/

Geals) =

A block diagram of the designed system is shown below.

Y6)

RE) [ 83/, 95735+ 74é6. 2880 5 + 17007690 |
: pr s{s+7)

£2.33338%2.85
Y

1 '

. B-10-15.

‘ o
The closed-loop transfer functions Y(g)/D{e) and Y{s)/R(8) are given by
) _ Gp |
D) - /‘f“(%z"'ﬁa).@,
and : .

Y6&) = Ger Gp
. R I+ (§e) +Gea )Gp

let us define Go) + G2 = Go» © Then :

B Gp
pes) /It Ge ?f _
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Assume that G. is a PID controller and has the following form:

K (s+a)z
qc &)= 5 )
The characteristic equation for the system is
K(stad* /

146Gy = [+ KELET L

In vhat follows, we shall use the root-locus approach to determine the values
of K and a. ILet us choose the dominant closed-ioop poles at '

S=~g4j4
Then, the angle deficiency at the desired closed—loop pole at 8= =7+ j1 is obtained
as follows:
~/7(. 86 5% X.S' t /80 =—2335 go ?7

The double zero at-s = -a must contribute 335.6097°  (Each zero must contribute

167.80485°.) By a simple calculation, we £ind a = 2.3729. The controller Gole)

is then determined as _ . _
K(s+2.372%)%

: 6:(5) = )
| vhere K is determined as | o
o . 53
K= —— = /59247
(s+z2.3729)* s=-p+j1
Hence -
(s 9267 (s+2.3729)*
)
Then the closed-loop transfer function Y(s)/D(s) can be obtained as
YG6) ___Gr - _ =
DE) T 1+Ge G /S 9767 (5+2.3728)%
. - It s 5%
S o '

a—
-

S’ T IS P7267 5t 4+ 24 373/5 + &8, r33/
The response curve vhen D(s) is a unit-step disturbarice is shown in the next page.

" 'Next, we consider the response to reference inputs. The closed-loop transfer
function Y(s)/R(s) iz - - _ | '

Y& _ GvGr G, _Y6)
RE) — 14(Ge +Ge)Gp 7 DE)
5 Ge, |

S}l 09875+ 74873/ 5+ 85 833/
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Reaponss 1o Un-Siep Diskrbance laput -

0012

0 -
¢ o5 1 18 2 28 3 -3 & 45 5

To satisfy the requirements on the responses to the ramp reference input and
acceleration reference input, we use the zero-placement approach. That is, we
dmseﬂnnmratoron(s)/R(s) tobethesmofﬂnlastthreetemoftm

denominator, or
5Gy = /597675 + 74 87315 + &F. 833[
from which we get ' :

Gy (5) = 1572675+ IR 8731 s + 3. £33/

. 4
Hence, the closed-loop transfer function Y(8)/R(s) becomes as
VE) /57267 S 74873/ s+ FEF33/

RC) T S /79675  + o 883) S+ 85, 8331

The response curves to the unit-step reference input, unit-ramp reference input
and unit-acceleration reference input are shown on the following two pages.

Ncbicethatt}nmximmwers}notinthereq:maetoﬂnmit-aupreferminp:t
is 18 ¥ and the settling time is appraximately 0.7 sec. The steady-state. errors
in the ramp response and acceleration response are zero. 'Iherefore.thedaa:l.gmd

controller Go(s) is satisfactory.
Finally, we determine Ggz. Noting that

GeC) = Gor(5) + Gea 6

IS I767 s+ 7% 873/ s + 88. 833/
| S

where

_ 6:(3) ==_
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and | 3 | 7
/80287 ST+ 24,8931 S + 88. F337
Gerls) = = —— -

' we obtain Ggp(8) = 0. This means that we do not need Ggp(s) toget the desired

_ result.

Respones fo Unik-Biap Refersnos input

14

12
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Rovspinos 16 UribAcoslesslion Referonce put

A block diagram of the designed system ie shown belov.

Rs) N mrrrs + 28 pr3l 5 + BF, #33¢
! = _

%)
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CHAPTER 11

B--ll.-l.

{(a) Controllable canonical form:
, o /% 4
’ = ' t “
% - =% |/

(b_) ' (Ubservable canonical form:

X, o =6 1lx rs
1= + A
xl / -& 'rg /
_ .
J=[e /]

B-11-2. The transfer function representation of this system is
X&) _ & L &
T6) v st /56 T (s+/)(5+2)(5+D
The partial-fraction expansion of Y(s)/U(s) is -
R | D 3~ . _3
- N Ue) T st/ stz s+3
Then, a diagonal canonical form of the system is
- v s - po - - -

X, -/ o ol|l% !
0 =2 O||xx|t|/|«

R
I

Z o o =3|{%] |/

- 224 -



B—li-a. We shall present two methods to obtain the controllable canonical
form of the givm system equation. ‘

 Method 1:  Referring to Equation (3-29), we have

: ) (ST 'AJ_-’B “[, ,] 5=/ 2 /

G6)=LC5L-0) & = « s+3| |2
_ / [ s+3 2 /
St+25+85 ] -« s=/|l2

3s+/ . _hS*+bisiby
$3p25+ 5 Stt+a;s+Aax

4;"—-“2; Ay = £, bo--""a; b,_".", LI""/

Then, referring to Equations (11-3) and (11-4), the controllable canonical -
form of the state and output equations are obtainad as :

x| 1o 7 %] tel
17 +| |
oA -§& —2|lx2 l]

=Ls 31
=]/ 3
7 %

Method 2: 'l‘ranafomtheoriginal statevacborxtoanewstatevacbarxby
means of the transformation matrix T.

A

XeTx
[ " A

o _ g AB) 4
I=a%=[“‘ Pty / o
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7 7

|

~ Hence, .
e !
w2 =2l 0 - 2
and _
. T_,=[o./ -p.os-]
0.3 0. 35

‘The state equation and output equation become
- ~
T7AT X +T78u
WA WA, A e n [y

A
X =
Ty,

3| lors -ases|/

or
t _ |2/ ~oes(|¢ 2|7 7 .
W |03 ess|-x-3f|-4 2 2] a3 o2
o / 9;- 0
= AlT u
L"'Qs- -2 Xt 7/
.A
t £}

> 9

7 [E,J"f[’ 3] A
X,

B-11-4. Referring to Equation (3-29), ve have
-/

G =G (sT-A)"8
Ils+; e =t o

=[s 7 01| -4 s+2 o 0
e S+3 /

=[/ 1 o) i _|ee) e sz o

T (srr)(sra)se3)| S*T3 (s4/)X(543) ¢ 0

' ¢ .. o (st/Xs22)/

$+3 |

_ St3 .
(s+1)(5+2)(s5+3)  SItés*+/s+é
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Although this is a third-order system, there is a cancellation of (g + 3) in
the numerator and denominator. Hence, the reduced transfer function hecomes
of second order.

The transfer function expression can be easily ohl:aimd from the state-
space expression if MATLAB command _

[num,den] = asth(A,B,c;D)-

is used. See the following MATLAB output.

A=[F1 0 1;1 -2 0;0 0 -3)
B = [0;0:1); o
C=[1 1 O
D = [O];
[num,den] = ss2tf{A,B,C,D)
num m
0 0 1.0000 3.0000
den =
1 6 11 8

This output corresponds to the transfer function
5+ 32
S gs*4//s 16

Notice mtmmmmmmmmmmmmfu function vhen
cancellation occurs. '

B-11-5. The eigenvalues are
'\l - ’ F

The following transformation matrix P vill give P~1AP = diag()\ 1:)\ 2.A 3 /\4)!

Ar=~], Ap ‘j y Ar=-)

z -

This can be seen as follows.

A

N
A OAD AL A

A N

Au As A |

Ag‘ A;. A;
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=1
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-1/
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J ~J
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Since the mvarséof'mﬁtrixais




-

1 =t

-{ )
v

.p a

MNe s e o
/o ||/
oo ¢ /7 ||+
|10 0 0

2
St/

= {"

2

/
S+ e

2

..._51.,

St2

287~

—2et+ 2"

e

Referring to Equation (11—46), we have
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/

—

S+/

/

S+ a
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el = peZiP = p
e -

Since the eigenvalues are \; = -1 and A 2 = -2, ve cbtain

3 ~2
ed"-; [/ |t e 2 1
=l ~2]|o )t -1

2Ie"f_ e"'t : e-’__e"’d' . ]
¢

—2et42e*  _eFi2e”F

Method 3: ‘Referring to Equation (11-47), we have

/A ert
I o4 ¥
ar
/! -1 et
-2 -
¢/ -2 e =0
ael
I ﬂ e
which can be rewritten as
| o etk
| _e.‘.‘;"+(d+2£) et-e?fI=Ae
Thus .
At “t_ -1 o
e= -'-‘(d"'"’{)@ -e ' I -
- .- a _
-2 =/ {e ~2 -3
[ 2et— ™" e fee-t |
-2e%+2e" -et+2e %
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B-11-7. The given state matrix is in the Jordan canonical form. The eigenvalues

Ay =2 ,. Aa=2, Az=2

Since - "
e_” _?egt o ..;L..tle r
edr | , e®™ re®
o 0 e t ¥
we have _
2@ = e 8 x(e)
or
- - - 7 N
we)| | e te® €T |lxpm
e 1= o et ze? Xo(2)
45(8) o o e* || %]
B-11-8.

=:'+2$+§ =(s+ lrjﬁ)(;+/-y'ﬁ) :

|24l =

3 3t2

e = 27 [x-a>"] = : N~ ]} |

S+ 2
-1 /. stz /1{
=< S(s+2)t3 | -3 . s
 Sst/+/ | 4 1.
- 2| (T (s+1)*+yz?
: -3 3+ /=/
| (s+)t 4T (s+2)° +¥Z*
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st/ L VT 4 VE ]
=2 (SHD*ED V2 (st VE GsH)r+0E
- _3 JE st/ _ 1z

E (st)i = (s+1)*+ /2 '/'iltw)‘-r-ﬁ‘J
_ e (Tt + €T w T Letwnyze |

~-r25.-_ et i JTE

e fer VTZ — 7%3-5“"'5‘3 |

-~/

- é"fca.ﬁ-t- | ,
~etenyit ~Jz e Taun J2r

() = e-ﬁtic(a) = eﬁ"[ ]

B-11-9. Define

~6 [ © 12 a -
.ﬁ:-// o [, En £, g::[/ o ol
-6 o o] {2

Define also the transformation matrix as P such that x = Pz.

fu Pre. Pall g
=Z£ =\ Pu P Pullta

’.II fn ’33 i
Then with this transformation the state equation and output equation: |

i=fzrBa
- 1=g
can be written as _
E-lArz+ e«
e g )
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In this problem it is specified that

| o o £ /
PYAP =| 1+ o -v4 -:E' =|¢
R Lo
Thus .
| / P P2 Pu|l/ 2yl |2
E=2|o|={h ae afo|=|nl=|s
“tel ,f” .,!&:f” 0 /Di’/ 2
" Hence
2 Sz P
?: £ Pz As| .
L
2 Pn P |
Since M
‘ o o -6
dg =£ / O =y
o / -6
we have _
~6 oz ] [z pmop)o o -k
=17 0 I é P pl=| ¢ Pa pull? @ '-”:
6 0 0)|2 ta byl |2 A op)l? =6
or - - -
| r-/z-rs. “6Pathn  —fpat p, B ta ~12~lips~bpa
-22+2 NPt P ~ttpse g =B p, ~H=lifs~4p,
-2 ~4pn —6P1 _ _Paz Py -s2 e 1
' f:mlwhid!noht_ain | .
' ,ng....(:) -'ﬂ” = =20, Pas =—/2
—épn t fr = py

~bfis * faz = —/2 N PP —E P

~Ups +Pr =p,

- 232 -



=Pt Pas ="3‘_//f=z_[/’z-3'
~€pPn=ps
—EPa =12 =N oy ~E 1

Solving the last six equatiais for p13s P23, and p33 we find

M=, Fs=SE, pis =36

Hence
1 2 =& :/‘
: =16 =20 S¥%
| 2 =/2 36

We thus determined the necessary transformation matrix P. The mtput equation
becomes -

o _ &
Y=CPe=[2 % /6]
S :
iz
Alternative approach: An alternative approach to the solution of this pro-

blem is given below. Since the characteristic equation for the system is

S+t -/ 0 5 " . _
Isr-§|=, /7 . S =t| =ESTHESHN/s+&
¥ 1 p ] s| :

= S?+ 4, s“+a4:.5+4;

we find _ _
a4= é, AQAs=/[/, a=¢§
Define
2 =6 /6
M=[28 4B A8l=|4 -0 sy
' 2 —/2. 36
Then o
¢ =23 o5
M=) las -5 LS
L]

¢ -ﬁf ’!.‘_

- 233 -



’ e o -4 0
M~ AM =] o —-ap|=| "/
WM M W o 7 -ay 0
Also
2 ~é
cM=[7r © 0] 6 -20
- ' 2 =/2

o -5

o -// MR =
!/ -€ mow
/6

s¢|l=[2 ~¢ /6]
36

Hence, by use of the following transformations

2 "‘ /‘ 3;
x=fz=|s -2 sl
_2 - /2 36 o
the given system
E:AX#‘HQ
i=C
. L]
can be transformed into |
Ex MYAM 2+ M~ Bu
“a s T © W TSV [ Y
Y= CAHM=x

;, o o0 —é 3;
p;}= / 0 =/}
7, 6 / =é)iy
Pi,-
y=[2 =6 78]
i

o -
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D=
0

1num =10 10.4 47 160);

den = [1 14 88 1860);
[AlBlC:D] = tfmmum,dsn]
A=
-14 -66 -160
' 0 0
c 1 9
B=
1
0
H]
C=

10.4000 47.0000 160.0000

The state-space representation is

[l |-~ -s¢
*: =i [/ 0

5 Lo

Y = [/o."¢

«7 /6'0] X3

—/80 [ 1%, W
0 A |+ _0 «€
o |lu) |

+0u

X3

D = [0];

nman =
0

den =
1.0000

A=m[0 1 01
‘B = {0;1,0);
)

[num,den] = ssZtHA,B,C,D)

-1 01 0.0}

0 0.0000 1.0000

1.0000

1.0000 0
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The transfer function representation of the system is

Y(:)= /
U6’ s’+s"+3_

B—].J.—].z- . :

=2 1 0;0 2 0;0 1 3
= [0 %11 0:0 1)

C =[1 0 0)

D=[0 O)

[NUM,den] = ssZtﬂA 8,C,D,1)

NUM -
o 0 t -3

den =

1 -7 16 -12
lNUM.den] = s82tf(A,B,C,D,2)
NUM = |

0 1 -5 6

den =
1 -7 18 -12

The transfer function representation of the system consists of two equations:
Y6&) _ S-3
Uils)  S'—pstyiés-r2

- Y6) .  s*~Ss +¢&
V) ™ S mpstinfos =72

=13. The controllabinty and obaervabﬂity of the system can be deter-

B-11
._ _ninedbyamminingtherankcmditimsot
[B A3 A%B]
" v W A e
[er At @Y'c'].
o " e b llae) r, A
regpectively. '
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A={[% -2 -20 -1 1;% O -1];
B = [2;0;1); .
=t 1 O)

D = [0];

rank{[B A®"B A-2+B])

ans =
3
rank{[C' A'*C' A'"2°C'))
ang =
3

Since the rank of [ A%B] ie 3 and the rank of [C' e Aerlis
also 3, the system is c%lete'ry state controllahle andg'ohaee'v%ne

B-11-14.
A=[2 0 00 2 00 3 1)
B=1[0 11 0:0 1
C=[1 0 00 1 0l;
= [0 0;0 0J;
rank{lB A®*B A"2°B])
ans =
3_

rank{[C' A'*C' A'"2*C’]
ans

2
rank([C*B C°A®B C*A-2°B])
ang = |

2

From the rank conditions obtained above, the system is completely state cont-
rollable but not campletely observable. It is completely output controllable.
Note that the condition of the output controllability is that the rank of
‘ R
[ cas  causl

Pre v -

be m (the dimension of the output vector, which is 2 in the present system).
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B—l.'l.-—ls -

Aw[O 1 0:0 O 1;-6 -11 -6J;

B = [0;0;1);
C=1[20 9 1)
D = [0];
rank{lB A*B A"2°B])
ans =
3
rank{[C* A'*C’ A'“2*C'h
ans =
3

Since the rank of (B AB AZB] is 3 and that of [C' A'C' A'Z0'] is also
3, the system is completZly stite controllable and completely obsérvable.

B—]J.-ZI.G.
0 1 0 0
é-"—' o o [, ,5:0 ’ £=[C, Ce C,'l
6 ~1/ -6 /
The observability matrix is ' :
. -
€, =—écs  —6(Ci~40y)
»- And 'Y WS ] .
¢ d g d e‘ had B G~/ "//ea.‘f'éﬂ‘f,
€  Ci—gcy Cr—=B8cCy +25€y]

mminfinitplymnysetsofcl. C2, and 3 that will make the system un-
cbeervable. Examples of such a set of ¢;, ¢, and c3 are

Cm=[/ ¢+ 0)

e=0s 7 7Y
e=[¢ & /_]
c=L/ s 4]
e

Withanyofttnsemtricasgtherankoftheobsewabﬂitynﬁtrixbmm
than 3 and tha system becomes unobservable. ' :
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B-11-17.
(a)

12 o 0
A=|e 2 of, C=[7 71 /]
_0 _3 -
The rank of .
2 ¢
[cl A*c'v ﬁf'c‘] / s /3
/7
is two, because _ _ '
/. 2 & ;) al
/! & 3 =0, / = =3
/ [ 7 |

Hence, the system is not conpletely observable.
(b) If the output vector is given by

/7 X

A / A
- *g t—1 cz

. / 2 3 RIS

then the rank of _
2 ¢« ¢]

/1 2
[c Ater A“C] /I 2 & /3 13 35
| /3 1 3 t 3

isthm, becamﬂndeteminantotanSmtrixmistingofmﬁm.
-fwrth,andsiﬂcolmnin -

! 2 ¢
! 13 34| =-¥%2
/3 3 '

© Since the rank of [CY  A#Gr A*zc*]ua,uummumemymmo'
Ammmmimtothiaproblursgivumﬂnnﬂtpage
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A=[2 0 00 2 0;0 3 1];
C=[1 1 1);
rankiiC' A'*C' A'"2*C')
ang =

2
1A=[2 0 00 2 0;0 3 11
{C=01 1 1,1 2 3];
rank{[C' A'*C' A'“2°C'])
ans =

3
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CHAPTER 12

B-12-1. Referring to Equation (.3;29), ve have

-f
S+ o - 0

GO)=C(sI~-AV'B=[t7 0] =1 stz o | |¢

o o s+3| |/
' P(.s-l-z)(s-rs) 06 st2 i ra.
. / . .
= A st e
L e 0 (sw)(s_-u)_ _/fd' '
| S+3 5+3 ] (1)

- (541 )(s+2)(s+3) S Sl dstasis+E

Comparing this transter function with
 be S 4 by St keSSt by
S+ 4, SVF deS + Ay

a=6, dy=f, As=6
bemo, =0, Pr=], by=23
(a) Controllable cancnical form: Referring to Equations (11-3) and (11-4),

we have
100 0 ofx] [o]
2..’3 =| ¢ o /il + 0 “ _ (2)
Li-‘. _“‘ =4 -.'"‘_ _xai './- |
- (% | |
y=[3 7/ o] @
. 1 _
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Note that because of the cancellation of the terms (s + 3) in the transfer
function, the system defined by Equations (2) and (3) is state controllable,

but not cobservable.

(b) Observable canonical form: Referring to Equations (11-5) and.(11-6), we

(4] [0 o -£l[x] [3]

| =7 o -yflx]+|r|« _ (4)

&) o 7 -é}|B 9_ |
%, |

7=1[e o /)x (5)
X3

Because Of the cancellation of the terms (s + 3) in the transfer function given
by Equation (1), the system defined by Equations (4) and (S) is observable, but
- not state controllable. _ o

It is important to note that when cancellation of the numerator and deno-
minator of the transfer function occurs [see Equation (1)), the system becomas
controllable but not observable or cbservable but not controllable depending on
how ane writes the state and output equations. . _ K

B-12-2.
!

| 0 o -
G6)=C (SL-AYB=[/ 7/ /]l ~1 stz o | |/
| | e o s+3| |/

- / ' ] (’+2)(3+3) 0 s+2 |lo|
(sti)(s+2)(5+3) l S+3 | (547 )(s+3) ! /
o o (stsw3) /

_ = (S+/>Cs+2)(s+32) = P8 ) s+ E

Conparing this transfer function vith
bo 53+ bys 4 bys + 4,
82+ 4,5* + s +a,

- 242 -



- we obtain _
ﬂ, £, Qa=tl, a3 =4§€
bo=0, by=2, b;:g, by =8

Referring to Equations (11-5) and. (11-6), we have the qtate—spaca equations in
. the following observable cancnical form _

N PR “ir M - "
1 [e o -6][4] [s

%, -0 -6d %) .2'_
L1
yalo o 1]|x

B-12-3. Referring to Equation (12-18), the state-feedback gain matrix K can -

K=loolle 4z AE17 4@

P(A) = A+ X AR +an At ols T

The values of &, 0(2, and X 3 are determined from the desired clmracberistic
equation:

IsI—(A BK)] (s+z+J¢)(s+z-_,¢)(:+/a)

5’ + /#s'+ fos + 200

SProt sttt o

Thus, _ .
0{,.—:/4, Az = o 2 .0(_; = 200
- 0o 1 o|* o 1 e|l® leo 1 of /00
PA)=10 0 1| +/¢|0 o 1| téo)o o 1|20, /0

-.) ..4-_.’..‘ .-j. -5 -6 =/~ -& oo {
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/P9 s 8
=|-& 159 7
=7 - —%3 /7
Since
| 0 I
[g 48 al=|/ ¢ -
_ /! =77 60

we have the desired state-feedback gain mt.rix E as follows:

| - "o 1 [[re s
k=fo o 13 7 & ~ul |~2 w9 2
- I —11 6o -7 -%3 /7
- T orsesr o.issr 0-/¥8k|
=[o o /] o. ¥4 0,0/20 —0. 0120 |
' _m’#f“ —0.0/20 o920 .
I ) |
Vi
X| ~2 rs9 7
| "7 -3 /7
. | [ /30,3826  170.2069  z$. 083/
=[e o 1) 1702169 “PUPIS  SS/2)
28.783/  ssv/8/ z2.4p49
- $85187 zfd'/?]

= (209837

B-12-4.

mmProgmmtoobbainthestabe—feem&gainmtﬁbeymof

.themm"admr“orcmm place“aresrnwnouttenextpage
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A=[0 1 00 0 I;-1 -5 -6); -
B = [0;1;1];

J=[-2+*4 -2-j*4 -10);

K = acker(AB,J)

K= _
f 28783 ss1:1 24819

_I'% -”'"Gmﬂaﬁngmntrixlcbyuseofemnd“acka’ bt

A=[0 1 0,0 0 1;-1 -5 6]
B=[0;1;1); -
Jo [-2+§%4 <2-4*4 -10];

K =place(A,B.J)

piace: ndigity= 15

K=

1 % *+++* Generating matrix K by use of command "place” +s++

- 28,7831 55181 2.4819

- r -
X, o !l /
= +| (4
s . 2 ||X] o
= -1 {{4 4]

- "'*; : /-.t" X |
o 2 |l

The characteristic equation becomes
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Stk . —ltks
4 S-2

=tk )(s-2) =0

jsz-41 =

Because of the preaezm of one eigenvalue (8 = 2) in the right-half s plane, the
system is unstable whatever values k) and k; may assune.

B-12-6. Since

Ys) - /0 - : /0
Tes)  (s+1)(s+2)(s+2) ""_ S34 g5 s/ + &

Yrég+r//g+Ey=/loa
Using the state variables as defined- intheproblan st.atanant, the state equ-
ation becomes . _

.-.. _— ! q
% o / ollx]| |0
%, o0 0  [[xz|+|o |«
X, -6 =it —bllx| jre

o b o b o

- L - -y

b - by

o [/ ¢ 0
A=l ¢ o I}, B=|o
-6 ~/1 —é o

Referring to nguaum (12-18), the stabe-—feedbad: gain matrix K can be given by
K=[c 0 /1LB A8 A'B] .m)

¢(A) A’-l- 0(;/4 """a.A"'NJI

Thevalues of W 1, 0(2. and O 3 are determined trmthedasired characteristic
equation:

[sI~(4-80| = (s+24) 203 )(s+2=j2dF (s tm0)
| = s¥+A sty SE s+ f60 | -
= SP XSt AeS T

&=/, or=8F, Oy=/60
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 Te + o o 1 of? o /@
dQ) = o 1| t#|o o | tF|e o
. -6 =/ -6 | =6 =t -6 ~é6 =l -4
- /! ¢ o |
+l60| p 1 ol
o © /
5% g5 @

Since '
' -0 0 /0
| 10 ~f0 280
we have

| o o0 0| |my s )
K=o o /1o v0 -6o| |43 46 -3
0 40 259 /8 —r5 2%

=0 o sleé o1 ol s -3
ler o o e s 2

o (12,8 3726 ey

/6% fs a8

=[m¢ s [Xal

B-12-7. A MATIAB solution of Probles B-12-6 is giveni on the ne::t.page.
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% #%%4¢ Generating matrix kby use ofw acker" ¥#+4%
[A=10 1 00 0 1,6 -11 ],
B = [0;0;10;
T=[242%qn(3) -24°2%Gaq3) -10];
K = ackex(A,B,))

K-
| 15.4000 45000 0.8000 -

B-12-8. From Figure 12-49 we obtain
W= £ (T—-a'l) -—/6?.2':, —l(', Ly = —5& +'[',Y‘

,’Sf‘_"’»r*l Ra k._l].

Noting that the rank of _ :
' ' o o /

M=[B8 A8 ABl=(o | —-§
" /! -6 31

is three, &rbit.ra:y pole placement is poséible;.' The characteristic equation -
for this system is :

. s ~/ 0 _
sI.—AI: o s -/ = st detr ¢
wow 0 4 S+6

=353+q;5*+dLS +dy =0
4) =JI a3=.$" ﬂ,

smmmteequatimfortlnsysbenisauaadyinﬂncmtmllahlecam- -
_nical fom; we have T = I. The desired characteristic equation is

(S+z+)¢)(si-2-)¥-)(5f-/ﬂ) .-:s-'-l-/sr-.s"-f- Jas-p-zoa .
- =steast T XSt Ay
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from vhich we cobtain

vy = /ﬁ, =42, oy =200

K={®-as o-av os-q,]T
=[20-¢  bo-s /4¢-5]£ N
—[200 s 2]
The state equatim for the designed system is
Z = Ax+Bu =X+ B(—Kx-i-k,r)

| _.(,4 Bk)x +Bk,r
since

e 1 o] [o '- o /1 0
A-Bk=|lo o |-|o|l2e0 s )=} o0 o I
S o -5 -6 |/ | | -200 -60 -M
GLi=lo o I ||x|t|a|T B ¢ ¥
z,| |-200 -d0 ~4¢]|% 200 o

y=[s o 21|z - @

Themit—atéprespmsaofﬁndesimedsystenmnbeobtaimdfmw
(1) and (2) by substituting r = 1(t) and finding y(t). A MATIAR progeem %o
ohbainttnmit—steprespamcurve[y(t)vamustm]:I.sgiv-bontltenub_-

page.
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% *#%4* Unit-step response *****

A=10 1 0:0 0O 1:-200 -60
8 = {0;0;200);

C={1 0 0f

D= [0};

step{A,B,C,D)

rid

-14];

9 .
title{"Unit-Step Response of Designed System')

The resulting unit-step response curve is shown below.

12' ui-_u-pmﬁww
I/ T
oD
fo—
S/
% oh 1 T I 25 3
B-12-9. , . o |
Derivation of the state-space tions for the : Ref Section
gure 12-

12—4, a mathematical model for the inverted pendulum system shown in Fi

50 is given by

_(_H’+m):':'+ ml8 =

me 8 +ml % =male

\m:lch can be modified to

MLE = (Mtm)g8 —u
MZ u-ﬂ#gb_‘

Since the state variables are defined as

-7(,.--"9';

ve get the following state space equations:

x..



~ and the desired closed-loop poles are at

- 251 -

, o/ 4 rz‘c,
Mtm -
EA ML O 7 0Ollx .
jF2 0 o 0 /{|x
Hl [ THt 2 0 O
. - -
. X
iif | 1+ 92 o o|xn|
gl | ¢ 2 7 ofa
. _2’4
s:bsti.tuting the given mmerical values
‘the following state-space equations for the system:
F,;, [ 0 /0 o - 4
(%] _] t2262s 0 0 olln|,
:.t‘, o o 0 [/ |[Xs]|
3| |~2e025 o o0 2]|%
o [ x|
4 : o o 0Oz,
Determination of the state-feedbéd: .ggin matrix K:
this system are o oyl
_ 0 /I 0 © _
/2.2628 o o ol
A= | ) 8
R o o v / -
~2.¢828 o 0O O

[0 ]

Ny,

ml
e )
a .

L.

iy M-
o)

into Bquations (1) and (2), we obtain

Since matrices & and a for

P ) -

0

"-‘_’cf
e :

o8




S=-¢+j¢, S=—¢~j#¢, S=-20,

the following MATLAB program can be written for the determination of the state- -

feedback gain mat-.rix x.

S=-20

B = [0;0.500.5];
T= 4% 45%4 20 20;
K = ack(A )

&
1.0e+003 *

% **** State feedback gain matrix K *+*+*
A=[0 1 0 0;122625 0 0 0,0 0 O 1-24525 00 0]

~4.1381--1.0094 -2.6096 -0.9134

.. Obtajni stem re se to initial condition: To obtain the system response .
to the initial conditgcm, ve first substitute '

| “= -k
into the system equation
X =AZ+Bu
and get the fouowing equation;:
=(4—BKOX

vhich, wvhen the numerical values are substituted, can be given by

"

X 0 - 00/

Ty

ot

:‘g, 0o 0

Let us rewrite Equaticn (3) as |
| x=Ax

. M
where

o o.0e/

~2.0568 —~o.S087

>
i

o o
2.0/66 oS04y

- 262 -

-4
~2.08568 —~o.507 ~/3048

o

©
—/.3038
o
£ 3028

0 X,

~or 4582 || 2,

vy %,

OESE) Xy
0 -

~0.2567
2,007/

xXnré

(3)



befine the initial cm;dition vector as §' or

o

Iy
M

~ o O

Then, t!mresponaeoftlnsystemtotminitial cmditi.oncanheobtainedby
solving the fonowing equations:

The followi

: init_ial condition. |

- A A
f=dg+ke
x=Az+Be

MATLAB program will generate the response of the

tbthe

syst.en
In the MATLAB program we used the fouowing notations:
A=AA | B =Ba
- "

% -—-- Response to initial condition —

9% ***4% This program obtains the response of the system
9% xdot = {Ahat}x to the given initial condition x(Q) *****

op =3 444 Entar matrices A, B, and K to proﬂuca matrlx

%M Mat L2 2 L 1

-[0 1 O 0122625 0 0 0.0 0 o 1-24525 0 0 0].

- [-4138 1 -1009.4 -2609.6 -913.4];
AA w A -B*K; : -

Op **ee% Enter the Initial condition matrix BB = Bhat t*#%4#

= [0;0;0:1];
[x,z,t] - step(AA,BB,AA BB);

x1 =1 0 0)*x';

x2 = [0 1 Of*x’;
3 =10 0 1 0]*x";
=[0 O 0 11*x';

gp #e*EE Dint response curves x1 versus t, x2 versus t; x3 versus t,
% and-x4 versus t on one diagmm wheee

subplotlz 2, 1),
plot(t.xl K

- titie{"x1 ] versus t')

xlabel(’t Sec’)
ylabel{'x1 = Theta')

subploti2,2,2);
pkﬂlt.lecﬂﬂd ;

title{'x2 (Theta dot) versus t")
xiabel('t Sec')

' ylabel{'xz = Theta dot’)
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[ subplot{2,2,3);

plot{t,x3}.grid

title{"x3 {Displacement of Cart) versus t'l
xlabell't Sec'}

ylabel{'x3 = Displacement of Cart")

"subplot(2,2 4),
plot(t.x4); ‘?
title{"x4 { elocity of Cart) versus t')
xlebel{'t Sec"}
ylabel('x4 = Veiocity of Cart’}

‘The resul_ting response curves are shown below. |

x1 (Theta) versus t g %2 (Thela dot) versue t_
=N . _
_ g 0 /‘ Foem- % ol [\\
SNSRI
1E-o.a - / — a 1
% 05 1 15 2 I % 0.5 1 1.5 2
t Sec _ . _ tSec _
%3 {Displacement of Cart) versus t - x4 {Velocity of Cart) versus ¢ |
EM - ' 10 '
: ooy 5,
0.4 \ : )
a:I} N | goq -
é \ - 1
02 05 1 1.5 2 % 0.6 1 15 2
tSec t8ec

B-12-10. We shall present three methods for the déaign of the m:l.-order state

Method 1: . wsmufimm:mﬂnmmtimimﬂnom
canonical form. Define a transformation matrix 9-. by

=(wn»"”
/ =/
n=[c* xctl=,
and
w=[4, /
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where a; is a coefficient in the characteristic equation of the original state

emumhnz
s+s -1

. =5+ 35+/
-/ st+2

4, =3, @azx=/
o 3./
enes /I 0 2 /
‘.:'S."'=‘.é‘..{d’,.’-[3 ;][-t t]'[/ a]
- o
o /
<7 ]
'mﬁMamnamaw&ugw

X=06%

" "o oW

Then, thestat'eandwtpntequatious:heéme

I=CR¥ -
T P o =~/
) z )|~ ¢ e -
eae? J7 0 -0 )
- -a /-
ca=[r 7] , =[0 /]

Mnewstate'andoﬁtpxtequaﬁima'mint}nobaervabumicufm. Re-
ferring to Eqmtion (12-61), the state obsarver gain mtrixs. unhe given by

¥y =42
| Ke = o[w_"]
where of ; and & 2 are determined from the desired c:haracteristic equaticm
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( S~1)(5=pe) = (5+8)(5+5) = s*+/05 125

=3+, s+ o, =0

w,-— /0 2 d'_ =25
Ham;.
o l|es-/ [7
S e
Method 2:  Define o
'_. n‘e:
¢ Zex

Then, the characteristic equation of the cbeerver is

sE-argegl = L L]

= S%4 (/4 ke, -l-z_)s # lf-_zé,, + Koy

= s"-_;. 05 +28

Bence _
ke, + 2=10, [+2Rke; they = 25

o ' fe; =7, Res =/0

m:

o]

Metlnd3:_Nexbweshnuobbaintlnobaerm i.nmat.rix ofm-‘
mamn's £ formla givan by Equation (12-65): .gn Se by use

-rla][]

. where ﬁ(s) is the deéired characterietic polynomial, or
¢6) -(s-m)(s-ﬂ. =£s‘1-r)($+r) =S%tws t2s
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ORVRVIEE A
-t A2 [ /e 17 7
S A R P M B
./77/5""0 /é7/50=7
Ke=ly sl 4] |77 rofl ¢ 1]lr] e

The equation for the full-order state obeerver is given by _Eqmtim (12—_60):2
3': —(ﬂ keJx 'I‘BR '!"Kgg

iy

wlnreB-Ointhisprobln. Hence

[# g .3'6' 7
;:_] ='i[’ '24-.[:’][, Q]}[?J'l'[m]‘)'

This is the eguation for the rull-ordar state cbeerver.

B-12-11. A full-order state ohaervar for t.hegim system is designed by use
ofmm mmmmogmuaadfortmmmnofﬂnmtamugim

‘E

.9‘ #4484 Design of full-order state observer *o++

A=[0 1 00 0 1;-5 -6 0);
C=[1 0 O] .
L-[-lo 10 -15);
Ke = acker(A\,C' LY
’ﬁmg:l'ehloemuummﬂnnm%mm

Kom
35

3
1285
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Referr:l.ng to Equatiom (12-60), the full-order state observer is given by
E=(A-KCoz*tlurkey

R
2| =392 o /f|%|+|0|4t+]|39% Y
A&l [-r2te -6 of%) [/ /285

B-12-12. We shall present two methods for obtaining the full-order state ob-
server gain matrix Ke. A MATLAB sclution is also given. ._

Referring to Equation (12-61), the state cbeserver ga:l.n matrix K,

Method 1:
canbegimby
s —a
fe-"-‘"?' X — Q3
s dl"d/
Matrix Q is given by
Q=(WN*)/
o, on via
vhere
/! 0 o
N =[c* A*e* A*2c*]l=|o / o|=1
.o o 0 |
- Rz 4, 1 -
W={q, ¢+ o]
/. o0 o

ﬁuvaluesofalandazamdeteminedfrmund:mcbensticequatimoftln
original system.

. s . - P
IsI-gl=l o = = =t
- —A395E  THR/eS)

~AZER
= S 3 /g s~ é. 398U S—/1 284 ﬂ
=5*+9,82+ 4, s +43

4y =3./55, é, =-0 3954 , Ay =~/ 255 |
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—03956  3./885  /

W =] 3. /x5 / o

- -/ 0 ¥/
Theretors Jeesrsé zees )" e o 1
0.=(WN*) =lases 7 ol=|le ¢ 3|

/ 0 o| |/ -3ks ro2066|

The values ofd'l.vtz, mdvfgaredetemimdfrmthedeairedduracberistic :
eguation. _

(s~pte) (s ~p2 (S =H3)

= (s+s —)‘N?)C-" +5°4+jSN3 ) (5 +10)
= (54 fos + /ao)'( s+/0)

= S+ 205"+ 200 s + /000

=..-,S"’.'f'q(/.$'"+ oS toly =0

v =20, OG=200 , 3=[000
oy —dy g o0 /|| feve +rzsg |
k, = Q Y—aul=lo 71 =3k || 200 +0.3956
), — 4y /! =3/KS /02886 | 20 — 3,758
/6:85S"
=|702.387

sug. 38/

Method 21 neﬁnetheatateobeemrgammtrixu'

Kes
Ke = | kes
key

The desired characteristic equat:lcm becomes
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: . ceoel e - ¢ 0 ' 1
'SI"A"‘&CI - s eol~]| o o / + ‘lg [, o d] .
| - - |lees] szes ostsg —3ks| ke 1k

S+ ke i |
=1 Aee S -/
~r24s they  —0:3956 St 3. /FS

= 534 (he, +3/8S) S (315 ke, +k§-,'-4éi3?$£)& |
T (~12%% +hey T /25 ke, - 03956 Re,)

= S3+208+ 22005+ 1000 =0

&/ + 3: /9‘.5‘ = 20
3/” dée, "‘kf‘ o 3956 = 200 o
~A2%2 + fe, -r-3.n=.s-é,. - o 3f.r£.é,, ==-/Ma ~

' f.ruuwhichweobtain

fo = 6255 | hey =/27.357, hes =SPE3P)

/6 2SS
ke =|no2e
Se#.32/

Refen_‘ing_to BEquation (12-60), the fu:l.l-ardér state observer is

MATIAB solut

:’5" (A-fec) X +3a +Keg

~#7387 o 1 WX +| o [Ut|/ess7|Y
-s%3./37 23956 ~s0u5| B Lrzee]  Lownaes

Amn.i\Bprograntoobtaintlnstateobsermgunmtrix _

5, ssl‘wwnonthemmge
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% ***** Design of full-order state observer ***+*
A=[0 1 0;0 0 1;1.244 0.3956 -3.145]
C=1 0 0}
L'{ 5"1'5‘(!qu(3)) -5-1‘5‘(#1(3)) -10};
Ke = acker(A',C
?Kﬂ-'
36,8550
-M?M -
544.3809 '
B-12-13. v -
- ' z’ ) / X ) 0
= -+ (74
X, o Cl4| |!

_ x‘.
= /]
9=[/ ][,,,z
The desired closed-l1locp poles for the pdle—pladmt part are -
= =077/ L3707/ _
and the desired observer pole of the minimm-order observer is at
- _..s—
'meﬁrststeptodesignaobaervercmtrolleristodeteminethestatefeedbad:

gainmt.rixxandtheobaervargainmatrixxe. By using the MATLAB program given
belowwecandeteminexandxe. o : o

% **+3¢ Degermination of K and Ko ***4¢
A={0 1:0 O |
B=[0; 1},
J=[0.7071+§%0.7071 .7071§%0 2071);
K =.acket(A,B,T)
K=
1.0000 1.4142
Abb=[0);
| Asb=q13;
L={5;
Ko = acker(AbY, Asb'L)
‘KB-‘ .

‘..:'5" -
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The feedback gain matrix &and the observer gain matrix Ko are obtained as follows:

K=[r res2] , ke =¢

_ . Next, we obtain the transfer function of the observer controller. ) Noting
that the minimm-order observer equation is given by Equation (12-89), we have

?'“—'(ﬂ&-kc.ﬁab)z + [(Al-b""k'cﬂqg)ﬁe + A sa */"e"«]y-f-(&—-__kg&)a
Fortflepresmt.gygm, | . .
A“ 30) ﬁ‘vb‘:’/? AM=01 A‘b':o) 34'—"0, B‘=/
kq'-‘:-‘/, kb= /¥ 2 ., JQ-".S‘

By substituting these mmerical values into the minimum-order cbserver equation,
we get

§ =(o-sxp) T+ [(o-5xD)$ to- 5381y + (1-sx2)

Y _z5yta

Taking the Laplace transform of the last equatian. assuming the zero initial -
condition, we have

‘?Zf) =-5 9(s) — 25 Y& + Uts)

L = 4 [-2s Y6 + F(:)] W
Referring to Equation (12-104) we have
‘("‘"k?-’ =-*/(.. (ka‘f'fbﬁe)g

=/ Y42 Y~ .07/ 4
Taking the Laplace transform of this 1ast equat.:lon, ve obtain

51".5‘

TC)=—/. 4/%2 5 6) = 8.0/ Y (@)
Eliminating?(s) from Equations (1) and (2), we have -
V)= —h¢/¢2 [-25Y0) + ma-)J 2. 07/ Y6)

simplifying,
(545D F(:) =~/ $/¥2 [-25- o) + U] - ~ (55 8.07/ Y6)

frunwhichmget
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TE)  &o7/st & __307/' S+0.6/9%5
-~Y&) T st é#rez 7 Stée/¥2

which gives the transfer function of the observer cmt.roller. The same observer
controller equation can be cbtained by use of MATIAB. - See the MATLAB program

- given below.

%”"‘DeﬁmofOmeontroner““‘

{A=I0 1,0 OLB=[o;1};
Asa=0; Asb = 1; Aba = 0; Abb = ; B.-=0~Bb-1
Ka=[1]; Kb=[14142};Ke=5; .

Abat = Abb - Ke*Aab;

Bhat = Alst*Ke + Abe - Ke®Aaa;

Fhat = Bb - Ke*Bs;

Ailde = Ahat - Fhat*Kb;

Btilde = Bhat - Fhat*(Ka + Kb*Ke);
Ctilde = -Kb;

Dtildo = -(Ka + Kb*Ke);

[rmuan, dea] = 852t Atilde, Btilde, -Ctilde, -Dtilde)

I =

8.0710 5.0000
den =

1.0000 6.4142

A block diagram for the designed system is shown below.

s s.07, SXoss15 | | 1 7=
S+, 4/¢2 3%
Notice that the observer controller is a lead network.
B-12-14. We shall use the MATLAB approach to solve this problem. The first
MATLAB program given inthenextpagedeterminestlmstatefeedbacﬂ:gainmtﬁx
in

K and the observer ga matrixb_. The observer to be designed is a full~order
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% *+*** Determination of K and Ko *++++

A=[0 1 00 0 16 -11 6}
B=[00;1} -
C={1 0 0}

J-["lﬂ 14 -5
K=ack(ABJ)

- The state feedbackgainmatrixxandtheobaemrgainmtrixﬁeﬂmobtainedare
as follows: _ :

Kk=[4¢ ¢+ 7]
| /2
,é’e"-'- 25~

=72

mmmnABprogmgimbelwdeteminasthetrmsferﬂmctimoftm
observer controller.

% Obtaining transfer fimction of observer controller — full-order observer

A=[0 1 00 0 16 -11 -6J;
| B=[60:1);
JCc=11 0 0
K=[4 1 1]
Ko = [12,25,-72],
AA=AKe*C-B*K; .
BB-Ke; ‘

CC=K;.
DD =9;
[nun,du] :ﬂt(M,BBCC,DD)

Bum =
0 1.0000 119.0000 618.0000
h-
1.0000 19.0000 121.0000 257.0000




The transfer function of the observer controller is
UE) ST+ /P ¥ 6/8
~Yt) T s+ /9534 j2/ 5 + 257

The transfer function of the given system in state space form is

G6) = 4

St s v /s + &
" A block diagram of the designed system is shown below.

S /9 S+ E1F “ | / 1 &
-

r=0
| S+ (95 4+ 12( 3 +257 S’ v st +//s+E

Notice that the designed system is of sixth order.

. B=-12-15. 'I'h.e transfer function of the plant is

Yo) _ s+ 25+ S

ves) S2t/05* +2¢S

" The corresponding differential equation is

40{ +/ag-f-29¢g 44 +2t¢'+.5‘n«..

Comparing this plant differential equation with the standard third—order differen- -
tial equation

g-rﬂ;g-rdag tasy = b,u-rl—,«-fb.u-rb_,u_

we find _
G=10, 4z =24, A3 =0, b =0, b;—/ ba=2, by =37

Define the state variables as follcms:
X =y~ po
L=z ~fru



Po=bs—a,p—arfy = 2~ sox)~0 ==F
Ps= by ~a1f2 ~4, 4 —asf, = SOtoXE— 2¢X[— 0 -/aK_
Refer:lng to Equation (3-36), we have ' :

=t &

= 2’3-*314- ) |

= —ds X, —fs X2 —=d1 Xs fﬂi = 2% =07 +rof «
The output equat:l.m is .

7=
Hence the state-space representation of the plant is

-,,N-.

1 Te + o1 17
Li={o o s |+]|-8|u
5| |0 - -] |46 |
| 7;
g-_—[/ o 0:]12
A3

with a full-order observer: .We now obtain the state feedback gain matrix
Kandobaervergainmatrixgewhmtheobearverisam-orderone The MATLAB
programslnwnbelowproducesltand_t& -

% #%#** Determination of K and Ke for the foll-order observer $++¢+

A=[0 1 0;0 0 1,0 24 -10];
B = {1;-8;106];
C={1 0 0
J= 1492 .1-*2 .5);
“formatlong -
K = acker(A,B,)
Em
0.50000000000000 -0.09040074557316 -0.03984156570363

L={10 -10 -10};
Ko = acker(A',C LY




The transfer function of the observer controller can be obtained easily with MATLAB.
The MATLAB program given below produces the transfer function of the obaerver cont-

roller wvhen the observer is of full order.

A=[0 1 00 0 1;0 24
B =[1;-8;106];
Cw[l 0 O}

Ks = [20;76;-2401,

AA = A-Ke*C-B'K;
BB =Ke; -

CC=K;

DD=0;

format short

den=

%mmmmdmmm—wm .

K=[0.5000 -0.09040075 -0.039841566];

{wem,den} = 322tf{AABB,CC,DD)

0 12.6915 163.6626 500.0000

1.0000 27.0000 ilssoas 554.8695

The transfer function of the observer controller obtained is -

/2.69/5 5%+ /6366285 + Sp0. 0000

76 _
-Y6)

S¥+ 27 0000 s

with a mini
observer is a minimm-order observer.

sameasthecaseofthefull—orderohsemr)

t}mobservergainmtrixkewhmthe

obhgerver:

Y 2/8 30855 + SSE FL IS

We next consider the case vhere the state . .
(The state feedback gain matrix K is the -
‘mefouowingm'IIABprogmprodms-
observeristheminimm—oxﬂerobserver.

Abb=[0 124 -10;
Asb=f1 0],

L={-10- -10];

Ke = ackee(Abb',Asb',L)

10
.. -24 -

%"‘“Detemnnﬂmafhfuﬂnmuﬂuobmw“‘"
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The MATLAB program shown below produces the transfer function of the observer
controllier based on the minimm—order chserver.

% Obtaining transfer fiunction of observer controller — minimum-order observer

A=[0 1 00 0 1,0 24 -10;
B = [1;-8;106]; -
Asa=0; Asb=[1 OJ; Aba~[0;0]; Abbw= [0 1;-24 -10; Ba=1; Bb-[-8106],
Ka=0.5000; Kb = [-0.09040075 -0.039841566); Ke =[10;-24); -
.Ahat = Abb - Ke*Asb;
‘Bhat = Ahat*Ke + Aba - Ke*Aaa;
Fhat = Bb - Ke*Ba;
Atilde = Abat -
‘Bilde = Bhat - Fhat‘(Ka+Kb‘Ks),
:Clildo--Kb
Dtilds = -(Ka + Kb*Ke);
{mam,den] = ss2tf{Atilde, Bilde, Ctilde, -Dtilde)

| wam

0.5522 12.6915 50.0000

den =

1.0000 164478 52.7260

The transfer function of the observer controller obtained is
UB) _ _0:-5522s*+/2.69/5~5s +50.0000 .

=YEs) S + /44878 5 + £2.7260
Unit-step response: The closed-loop transfer function when the cbeerver is of =
full order is '

Y®) 12-69/8 5¥+/37. 0 4SE 5+ [ 46/ 10025 >+ 9/83./35 + 25000
RE) = S6H+8755+ 5285 5%+ 350557+ /2250 ST+ 225905 + 25000

The closed-loop transfer function wvhen the observer is the minimm-order observer -
is given by :

Y/5) 0-E5¥+ /3.8 53+ '/435’--1- 724S + 2500
CRE) T ST+ 275% + 25553+ f0255 %+ 20005 + 2500

The unit-step response cunes.for both cases are shown in the next page. Notice
that the unit-sbep response curves for both_sy_stm are almost identical. =~ = -

Comparison of bandwidths of both systems: Bode diagrams of both systeme are

shown in the next page. The bandwidths are almost the same for both systems.
The bandwidth for the system with the full-order observer is 2.4771 rad/sec. 'me-‘
bandwidth for the system with the minimum-order observer is 2.4201 rad/sec.
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"A - Li L] l. ¥ L] L

10
.1: 3 _ "“--...‘___‘ Full-onder dbeervir
§ = . }
: i
. i o
100 - ' . e //:;
.~180 . : ' ' \Ly'/
Full-order ——
1 : : 1w’

Fraquency (radeec)

mmmemtooMainﬂnmmammiaammthM'
page. . '
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% sosee Cmpamm of bandwidths +5+%e

1 puml =[12.6915 189.0456 14619002 9183.13 25000],
denl =[1 37 525 3575 12250 22500 25000}
mm2=[06 138 103 734 .2500];

den2={1 27 255 1025 2000 2500};

[mg.phm.v"] = bode(vum1,denl,w);

o

while 20*log(mag(n)) >= -3;

ne=nti;

end

‘bensdwidth = w(n)

'lmdwm -
241 '
g [mplme,w} bode(mmZ.duZ,w}.
while 20*log(mag(n)) >= -3;
n=nt];
end _
bandwidth = w(n)
bandwidth =
- 2.4201

B-12-16. The transfer function of the plant is |
Yy o/
- T6) s(s+7)
The corresponding differential equation is '
) '51- ‘y. =
Define the state variables by .
:t', = 3’-

Then the state space represmtatim of the p:l.ant becomes as follows:

T .
R

Nov we obtain the transfer functiocn of the observer controller with MATLAB. The
mngimmﬂﬁmMaprodmesﬂedesimmmmr,

- 270 -



. %*"“Mghmmdmm‘“"
A=[0 1;0 -1; |
B={0;1]; =
C=[1 0};
T= 247 24%2;
L-[$ §;
K = acker(AB,))
K=
8 3
Ke = acker(A',CLY
o
15
49
'M-A—KQ‘C-B‘K,
-Kg; )
cC-K;
DD=0;
| [, den) = mAA-Ba.UC.DD)

0 267.0000 512.0000

dent =
1 19 117

The observer controller cbtained with MATLAB is
S . 289sv5/2
6“7) TS24 /98 /17

Block diagranis for Systems (a) and (b) can now be redrawn as shoun.in the. next
. page. In System (b),wedeteminedﬂsothatthesteady—statemtputtothe
unit-atep input is unity.

" The closed-loop transfer function Y(s)/R(s) for System (a) is -
Yo) | 2675+8/z -
RO T s¥+2053+/36 5%+ 3r¥s+S/2
The closed-loop transfer function Y(s)/R(s) for System (b) is
Yi5) . %376/ 5%+ 82 /9595 + $Y/2
R6) — ST+203° +/36s t 38951572

- 271 -



-21731-5‘-/2 / L
o o -
S 4 /95717 S(s+/) '
(a)
| 572 - o / : -
nr | _ - s(s+/)
2875+ $7/2 »
S + /95 +1/7 .
{b)

that produced these unit-step response curves is given on the next page. -
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% “_‘“‘ Unit-step response corves *+*4¢

mml.=[267 512];

depl =[1 20 136 384 512];
omn? = [4.376] 83,1459 512);
dm2~{1 20 136 384 512}
t=0:0.01:5; _

¥yl = sten(mmmn ], danl f);

¥2 = step(mom?2,den?. t);
p_u(tnyl.r.'.s '-') )
title("Unit-Step Response Curves')

ylabel(Outputs?)
- gext(System (a))
gtext(System (b))

B-12-17. To determine the parameter a in matri.x A, we first determine matrix
P from . : - : :
ATP+PA =-1T
L S T "V VN “a
or |
e 0 -/ P Pre ﬂj ﬁ, Pra Es o /7 0 /00
/ 0 =2 Pn fg’g '0.’ + ;,‘ ’u :P,J. 0 o , = P /o
e 1 =aNFfn Py For P paz Peall-l 2 =4 oo/
The result is _ - - .
a*+sa -1 2a*+3 e
2(za-1) 2(2a~/) 2
P o= | 2R3 adt+at+a+y at+a+/
- 2(2~/) 2(2A~/) 2(2a-1)
v ar+a+/ a+3
-2 - 2(2n=)) 2(2n~1) |

chanobtainﬂneoptimlvalueoftlnparanieterathatminimim the -

performance index J for any given initial conditiom x(0). Since x(0) is given

_ | €

f@) =l
0

. the performance index J can be simplified to

:J"'-'-' zT(o)Z 2.‘(‘9 = P C',"
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Therefore, we obtain
' - at+sa -~
J= Lep
W -2
To ‘minimize J, we determine a from 43/da = 0, or

¢4t ga ~¢
(#4-2)%

=a:

from which we get _ .
a=/823 , A= —o.p23
Since a is specified to be' poé:ltive. we discard the negative value of a. ﬂnis,

we choose a = 1,823. Noting that a = 1.823 satisfies the cmdi‘tim for the
minimum (dza/da > 0), the optimal valve of a is 1.823,

B-12-18.

) 2.5K |
- R(5) St+rss+os5+2.5K

" From this closed-loop transfer function, we obta:l.n
wn = /.5, wat =0o5+2.5K
Since ¥ is given as 0.5, we obtain ' o

n=LS =)0.5+2.5K
from vhich ve get K = 0.7, @, = 1.5. Then we ocbtain

c&) _ .75
RIS) = s 4+ p5S+2 25
E(s)/R(s) can then be obtained as

EB) __'_'R(:)-CA') _ _S*+r55+0.8
REG) RG) ST+ ASs+a2s

E + /5C + 2250 =V +/ST+0,5r

Simer:Oih.thisproblen,mhaw
€ +,.56 +2.25e =0

Define e; = e, e2=é. Then we have
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et = [ "eTmg et 4

) o
e, /] 0
e® = ) ) Q.=
w Caft) o 0
I.atuasolva&'lh-i- PA = -Q for P. Using this P we obtain

J = S:C‘ﬂ‘)dt’ = ET(o)zs(a)

Note that for a general.case of

] o /
A=
: m_ —wpt X "25“)»]
we have _ .
/ 4= 5 A
P= A3ewn &)y 203
2wg aswn’
Thus, ’va obtain

S:e'ﬂ-) At = [ o)) PL(')} vl P[ ]

[, &

—

- P/f = 2L wn &on

' By substittiting $=0.5 and_wn = 1.5 into this last equation, we obtain

S“e_,'ﬁ')_ﬁ' = -%".

B-12-19. 'Iheopt.imalcmtrolsignaluwiuhavetlnfomu--m: 'I'herp-
fore, theperfommeinduabacma

J= S (_T;c +u'-)dt—-j "(I+K"1<)xa't-



Since _13_ = .Z.[. in this problem. Equation(12-115) becames
(A~BK)TP+ P (A-BK) =~ (I+ KTK)

and Equatim (12-117) becomes
-131-}, _ BTP
where P is determined fram the reduced matrix Riccati equat:lm:
ATP+PA~ - PBBTP tI=0

A A e

Solving for P. requiring that it be positi.va deﬁn:l.te. we cbtain

p=[2 7
I P

The optimal feedback gain matrix 5 becomes

_ _ 2 /
K=§F =10 | =0l /]

Thus, the wﬁimal control signal u is given by
o gy .

We first .aolve the reduced matrix Riccati equation:
AR +PA-FBR7BXPt@=0

Noting that matrix A is real andmatrixQ is real symmetric, mtrixP is a real
symetric matrix. '~ Hence the reduced ma"t'.'r:lx Riccati equation can be written as

B-12-20.

o ol p, ﬁz_ + |7 /’u g /7
/0 Prn par ) P Fea] o a..

_VPu Fa || [7i[o. ,] Pu P + N/ = o o
P Pyl ] (Fe Pa | | & M o 0
‘This last equation can be simplified to =~
|o @ + o pul_l P& Prpes + / o - o o
_ P” "7- o Pra _P/& Pz: p:i () )L( ' o 0 _
from which we obtain the followin§ three equations: ' '
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/_;.,b,: =
/D”"/'}z I £7 -"-'0.-
MA2pz = purt =0

‘Solving these three simultaneous equations for pyy, P12, and p2a. requiring P
to be positive definite, we get

P:__[PIJ Plz]_['\"ﬂ*.z /
Pe P) L 1 JMt2

The optiml feedback gain matrix K is obtained as

5‘_ ,e—fgx —P‘Ho./] [;: ;’j

=[:ﬁ2 )’u]r"[/ ‘\//“TZ] |

Thus, the optimal control signal is

U =~ KX ==X, —Jp+2 7>

A

B-12-21. A MATIAB program to solve the given quadratic optimal control’ - pro-
blem is ghown below. - )
% 'f"' Quadratic optimal control *#*#*¢*

A=1010 0;20.601 0 0 0;0 0 0 1;-0.4905 0 O OJ;

B- 10; -1; O; 0.5];
Q=[100 00001 0000100001}

R=1;

Ko lquA,B.Q,
K s :
-64,0664 -11.8079 -1.0000 -2.7965

The state—feedbad: gain matrix is obtained as follows:
=[-spossp ~—11.8077 - 10000 -2, y;g:]

Next, we shall obtain the response to the gim initial cmd:ltion. We sub-
stitute

—~kz
into the original state-space equation and obtain the following equation:
=Az+Bu=Ax- 8kx =(A-BK)Z
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The MATLAB program given below produces the response to the given initial condition.
Note that A - B*K is written as AA and the initial condition [0.1; O; 0; 0] is -
represented by BB. The resulting response curves are shown below and on the next

page

I

% ***** Regponse to initial condition *** *»

AA = A-B*;

BB = [0.1: 0;0;0);

[x,z,t] = stap(AA,BB,AA,BBj;
xl=[1 0O O 0]*x%; '
x2=00 1 0 O)*x";

x3 =100 0 1t OJ*x":
x4=10 0 0 1J"x’;

plot(t,x1)
grid
title{’Response of x1, Theta')

xlabel{'t Sec’} -
yiabel('x1 = Theta') -

grid : . _
title{"Response of x2, Theta dot')

xiabel(’t Sec')
yiabel{’x2 = Theta dot'}

" plotit,x3})
rid

a - '
titte('Response of x3, Displacement of Cart')
x{abel{'t Sec’) 1

ylabel{'x3 ~ Displacement of Cart'}
plotit,x4) ' '
grid '
tltle{'Resggg_a,a of x4, Velocity of Cart’}

Xlabel{"t
yiabel('x4 = Veiocity of Cart')

gm
® amf
1 I I
oL\ T N



Respones of x2, Thets dot

.08

T

o8k

vl ]

|

ol

a=°1_2,‘:l:“_.7.n.1o
Reapores of x3, Dleplacemani of Cert

\

\

- TIAA
| l/ |

Mg ' 2 .3 4 [ (] ? (] ) L

: Feaponss of s, Veloolly of Cart

- 279 -



ISBN 0-13-060904-0

Prentice

9

[Tall R
Upper Saddle River, NJ 07458 N | ‘ ‘
gliy801301609083

http://www.prenhall.com



	Engenharia de Controle Moderno (Manual de Soluções), 4Ed, Katsuhiko Ogata, CHAPTER_02
	Pg04.pdf
	Página 1

	Pg05.pdf
	Página 1

	Pg(ii).pdf
	Página 1

	Pg(v).pdf
	Página 1

	ARQ.pdf
	Página 1

	ARQ.pdf
	Página 1

	ARQ.pdf
	Página 1


	Engenharia de Controle Moderno (Manual de Soluções), 4Ed, Katsuhiko Ogata, CHAPTER_03
	Engenharia de Controle Moderno (Manual de Soluções), 4Ed, Katsuhiko Ogata, CHAPTER_04
	Engenharia de Controle Moderno (Manual de Soluções), 4Ed, Katsuhiko Ogata, CHAPTER_05
	Engenharia de Controle Moderno (Manual De Soluções), 4Ed, Katsuhiko Ogata, CHAPTER_06
	Engenharia de Controle Moderno (Manual de Soluções), 4Ed, Katsuhiko Ogata, CHAPTER_07
	Engenharia de Controle Moderno (Manual de Soluções), 4Ed, Katsuhiko Ogata, CHAPTER_08
	Engenharia de Controle Moderno (Manual de Soluções), 4Ed, Katsuhiko Ogata, CHAPTER_09
	Engenharia de Controle Moderno (Manual de Soluções), 4Ed, Katsuhiko Ogata, CHAPTER_10
	Engenharia de Controle Moderno (Manual de Soluções), 4Ed, Katsuhiko Ogata, CHAPTER_11
	Engenharia De Controle Moderno (Manual De Soluções), 4Ed, Katsuhiko Ogata, CHAPTER_12

